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Coupled Drive Apparatus Modelling and Simulation 
 
The coupled electric drives apparatus was designed to mimic dynamic processes as 
they occur in textile machines, paper mills, strip metal production plants, etc. The 
goal of the work is to present main system's properties. For this first different system's 
construction and operation possibilities will be investigated. Then theoretical 
modelling will be used to describe main structure properties and finally experiments 
will be designed for evaluation purposes and further modelling results improvement. 
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 III 
 
Abstract 
 
Modelling and simulation have become very important disciplines in all scientific 
areas. This is especially true in engineering where we are using these established 
approaches for better understanding of the observed systems, for system’s analysis, for 
fault detection, for control design purposes, etc. 
 
In this work attention is devoted to the so called coupled electric drives apparatus 
which has been designed with the goal to mimic industrial material transport problems 
as they occur in textile machines, paper mills, strip metal plants, etc.  
 
In the Laboratory of Modelling, Simulation and Control and Laboratory of Autonomus 
Mobile Systems at the Faculty of Electrical Engineering, University of Ljubljana, 
Slovenia, two pilot plants are installed and used for education and research purposes. 
 
The goal of this work is to present both devices, their similarities and detected 
differences, modelling approaches regading operation possibilities and 
experimentation which have been realized for evaluation purposes. 
 
The work is organized in the following way. In the second chapter both pilot plants 
and their important components are described. All steps of mathematical modelling 
are presented in the third chapter, while the fourth chapter experiments are described 
which were designed for the estimation of unknown parameters, for the observation, 
how system's properties and therefore also corresponding models change regarding the 
operation range, and for evaluation purposes. In the same time atention was devoted 
also to the differences between both pilot plants. 
 
IV Abstract 
 
All experimentation were realized in program MATLAB and simulation toolbox 
Simulink. Experiments were prepared using *.m and *.mdl files, which were for 
demonstration purposes organized through developed graphical user interface, which 
is described in the fifth chapter. 
 
The work ends with the concluding remarks and ideas for future work. 
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1.  Introduction 
Modelling and simulation have become very important disciplines in all scientific 
areas. This is especially true in engineering where we are using these established 
approaches first of all, for better understanding of the observed systems. 
 
Let's present first some of the important terms which are used throughout this work. 
 
System: 
System  is a set of elements which are interconnected and have a specified function. 
The system is separated from the environment with the border and is communicating 
with the environment with input and output signals, as is illustrated in  Figure 1.1 [1-
4]. 
 
 
 
 
 
 
Experiment: 
An experiment is the process of extracting data form a system by exerting it through 
its inputs [3]. 
 
Model: 
Model is a concept which is used to explain the important properties of a system [1-
2]. Models can appear in different forms. In this work we are focused on physical and 
mathematical models of winding processes. 
 
Simulation:    
Very generally speaking, simulation is an experiment performed on a model [3]. 
 
𝑆𝑦𝑠𝑡𝑒𝑚 
𝑢 𝑦 
Signal  
Input  Output  
Signal  
Figure 1.1: Schematic system representation 
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When we are focused on mathematical continuous models of dynamic systems, 
simulation is usually interpreted as a numerical way of solving differential equations. 
It is a very universal solving tool which can be efficiently used in linear and nonlinear 
models. 
 
Modelling:  
Modelling is a process through which the model is developed. One very interesting 
definition describes modelling in the following way [2]: 
 
˝Modelling means the process of organizing knowledge about a given system.˝ 
This means that through modelling we can improve our knowledge and understanding 
about the observed system, we can analyze its properties and sometimes also desired 
system's behavior can be estimated and (re)designed. 
 
Modelling activities are very heterogeneous and can be illustrated as is shown in 
Figure 1.2 [1-2]. Each step has to be documented and verified. 
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Problem 
definition 
Definition of 
modelling 
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development 
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Model 
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Figure 1.2: Flow diagram of modelling activities 
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From the view point of the designer the most difficult step is model validation where 
the crucial aspect which defines the quality of the model is the goal which has 
motivated model development. 
 
In this work we are focused on the CE108 Coupled Drives Apparatus [5] as is 
presented in Figure 1.3. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
It was developed with the goal to mimic industrial material transport problems as they 
occur in textile machines, paper mills, strip metal plants, etc. [5] and to be used in 
education processes for modelling, simulation and control design purposes. 
 
In Laboratory of Modelling, Simulation and Control and Laboratory of Autonomous 
Mobile Systems, Faculty of Electrical Engineering, University of Ljubljana, Slovenia, 
two such devices are installed. One is placed in the laboratory to be used during 
exercises and the other in the glass case in front of the laboratory to be used remotely. 
Both devices are connected with corresponding personal computers with A/D and D/A 
converters as illustrated in Figure 1.4. 
 
 
 
 
 
Figure 1.3: Coupled Drives Apparatus CE108 
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On personal computers  MATLAB 2009b is installed. In Simulink library one block 
was added which enables a communication with both converters. In this way the user 
can perform the experiments with the device in the same way as with developed 
mathematical models, realized in simulation scheme in Simulink. 
 
 The goals of the diploma thesis are the following: 
 
- to describe different operation possibilities of the mentioned pilot plant, 
- to verify and/or develop mathematical models for each of mentioned operation 
possibilities, 
- to design experiments with which unknown parameters can be estimated, 
- to draw a special attention to the differences between both pilot plants, 
- to present all main and important system's properties, 
- and to present the results in a transparent way. 
 
The work is organized in the following way. In chapter 2 a detailed description of the 
plant under investigation is given. It is separated into three different sub-sections 
according to different operation possibilities. Corresponding modelling results are 
developed in chapter 3. Theoretical mathematical modelling is used first to describe 
the behavior of each part of the pilot plant in terms of corresponding equations. In 
chapter 4 the experimentations with the systems are described. They were designed to 
enable the estimation of unknown system’s parameters and to evaluate the modelling 
results. Simulation models, experimentation, and all needed calculation were realized 
in MATLAB using *.m and *.mdl files. All developed files were organized in such a 
way that they can be observed and/or executed in a very user friendly way through 
designed graphical user interface. In chapter 5 a general description of mentioned 
graphical user interface is given. Finally in the conclusion the main results are 
summarized and some ideas for future work are indicated. 
  
 
 
Pilot Plant 
D/A 
converter 
 
A/D 
converter 
 
Personal Computer with 
Matlab and Simulink 
𝑦(𝑡) 
𝑥(𝑡) 
Figure 1.4: Hardware configuration with which the experimentation with 
pilot plant was performed 
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2.  Pilot plant description 
2.1 Introduction 
The pilot plant which is studied throughout the work is the CE108 Coupled Drives 
Apparatus produced by TQ Education and Training Ltd [5] and is schematically 
illustrated in Figure 2.1. It consists of two pulleys mounted on a vertical panel and 
located at the bottom vertices of a triangle resting on its base. They are directly 
mounted on the shafts of two nominally identical servomotors. In the top vertex is 
mounted the third pulley on a swinging arm that is supported by a spring. 
 
Figure 2.1: Schematic system representation 
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As already explained, it was designed to enable practical examination of controlling 
the tension and the speed of the material. However, some considerations have been 
taken into account. The material band has been substituted by a continuous flexible 
belt that rotates around the three pulleys. The apparatus can be decomposed into 
different parts as is shown in Figure 2.2. 
 
 
 
Figure 2.2: Block diagram of the apparatus 
2.2  Actuators 
In our device actuators are two servomotors. They are driven by power amplifiers hold 
in the base of the apparatus and have been built in order to inherit low inertia and good 
torque characteristic, enticing features in a servomotor. In Figure 2.3 one of the DC 
servomotors is shown. 
 
 
 
 
 
 
 
 
Figure 2.3: One of the apparatus servomotors 
 
The inputs to the actuators are the drive voltages 𝑢1and 𝑢2. In order to protect the 
drives circuits the input signals should be between ±10 𝑉. The drive motors generate 
torques 𝑇1and 𝑇2, respectively, which are the input signals into the main system. 
 
2.3  Main System 
The main system involves the two bottom pulleys, the jockey pulley with the pivoted 
arm and the belt. At this point it is necessary to note the difference between the two 
apparatus. 
 
Actuators Main System Sensors Inputs Outputs 
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In spite of the fact that both pilot plants are practically equal, some differences can be 
expected. The most obvious is the belt quality as illustrated in Figures 2.4 and 2.5. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
As it can be seen in Figure 2.4 the Apparatus’ 1 belt is a flat one. It is very elastic and 
featherweight but also flimsy. The consequence is it slides from the pulley’s groove 
when speed changes are too demanding. 
 
The rounded belt shape shown in Figure 2.5 is more resistant but is also heavier and 
less elastic. However, when the belt force is too large the band slips out of the groove. 
 
The main system inputs are the torques applied by the servomotors. On the other hand 
the outputs are the jockey pulley velocity 𝜔 [𝑟𝑎𝑑/𝑠] and the arm deflection 𝜃  [𝑟𝑎𝑑].  
 
Measurement of some system’s variables is realized. Among them are also angular 
speeds of motor 1 𝜔1 and motor 2 𝜔2 as is illustrated in Figure 2.6. 
Figure 2.4: Belt of the Apparatus 1 
 
Figure 2.5: Belt of the Apparatus 2 
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2.4  Sensors 
Measured signals 𝜔, 𝜃,  𝜔1, and 𝜔2 are transformed into voltage signals in ±10 𝑉 
range. 
2.4.1 Tachogenerators 
A tachogenerator is connected to the jockey pulley to hand over the signal voltage 𝑦1 
for the jockey pulley angular speed. The servomotors also incorporate tachogenerators 
to provide electrical signals 𝑦𝜔1  𝑎𝑛𝑑 𝑦𝜔2  for the angular speeds 𝜔1 and 𝜔2 of drive 
pulley 1 and 2, respectively. The output range is ±10 𝑉 for a speed range of 
±3000 𝑟𝑝𝑚. In Figure 2.7 one of the tachogenerators is shown. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.7: One of the tachogenerators 
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𝑇2 
Figure 2.6: Block Diagram of the Main System 
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2.4.2 Servo potentiometer 
The servo potentiometer is mounted axially with the pivot. As the arm flexes the 
potentiometer generates a voltage signal 𝑦2 which is amplified by calibrated amplifiers 
in the base of the apparatus. In Figure 2.8 the servo potentiometer is shown. 
 
 
 
 
 
 
 
 
 
All mentioned signals are illustrated and described in Figure 2.9. 
 
 
 
 
 
 
 
 
𝑢1, 𝑢2 [𝑉]: Input voltage signals to the pilot plant, both are inside the range of  ±10 𝑉 
𝑇1, 𝑇2 [𝑁 ∙ 𝑚]: Torques applied to the pulleys 1 and 2 
𝜔1, 𝜔2, 𝜔 [𝑟𝑎𝑑/𝑠]: Angular speeds of pulleys 1, 2 and of the jockey pulley 
𝜃 [𝑟𝑎𝑑]: Arm deflection 
𝑦1, 𝑦2 [𝑉]: Output voltage signals 
𝑦𝜔1 , 𝑦𝜔2  [𝑉]: Measured signals of angular velocity of both motors 
 
 
 
 
 
 
 
 
Figure 2.8: The Servo Potentiometer 
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Figure 2.9: Block diagram of a system’s components with the variables description 
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3.  Pilot plant modelling 
3.1 Introduction 
In this chapter mathematical modelling of Coupled Drive Apparatus is presented. It is 
separated into modelling of actuators, main system, and sensors, where theoretical and 
sometimes also combined modelling approaches are used [5]. Where possible, 
simplifications were also taken into account. 
3.2 Actuators modelling 
As described in chapter 2, the system’s actuators are two DC servomotors. In Figure 
3.1 a schematic representation of a DC servomotor is shown [6]. 
 
 
 
 
 
 
 
 
The following notation is used: 
𝑣𝑎 [𝑉]: applied motor voltage 
𝑖𝑎 [𝐴]: armature current 
𝑅𝑎[Ω]:resistive component 
𝐿𝑎 [mH]: inductive component  
Figure 3.1: Schematic representation of a DC servomotor 
 
𝐹 
𝑇 
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𝐹 [𝑉]: back electromotive force 
𝜃𝑚 [𝑟𝑎𝑑]: motor shaft displacement  
?̇?𝑚 [𝑟𝑎𝑑/𝑠]: velocity of the motor shaft 
𝐽𝑚 [𝑘𝑔 ∙ 𝑚
2]: mass moment of inertia of the motor armature 
𝑏 [𝑘𝑔 ∙ 𝑚2/𝑠]: motor viscous damping coefficient 
𝑇 [𝑁 ∙ 𝑚]: motor torque 
 
During the experimentation phase we found out that dynamic properties of both motors 
were very fast in comparison with other properties of the pilot plant and so the 
following relations were taken into account: 
𝑇1(𝑡) = 𝑔𝑎 ∙ 𝑢1(𝑡) (3.1) 
𝑇2(𝑡) = 𝑔𝑏 ∙ 𝑢2(𝑡) (3.2) 
Taking into account zero initial conditions, those equations can be written in the 
Laplace domain as follows: 
𝑇1(𝑠) = 𝑔𝑎 ∙ 𝑢1(𝑠) (3.3) 
𝑇2(𝑠) = 𝑔𝑏 ∙ 𝑢2(𝑠) (3.4) 
The block diagram of the servomotors can be presented as illustrated in Figure 3.3. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
𝑔𝑎 𝑢𝑚1(𝑠) 𝑇1(𝑠) 
𝑔𝑏 𝑢𝑚2(𝑠) 𝑇2(𝑠) 
Figure 3.3: Block diagram of the servomotors 
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3.3 Main system modelling 
Before starting with the theoretical modelling it is important to mention that the pilot 
plants were manufactured with a locking bar with which it is possible to clamp the 
pivoted arm and consequently simplify also the model. If the arm is clamped the 
system has only one output, which is the angular speed of the jockey pulley. In this 
section both situations have been taken into account.  
 
3.3.1 Modeling with the pivoted arm fixed 
 
To model the Coupled Drive Apparatus with the pivoted arm fixed we initially need 
to present the dynamic components of the system as shown in Figure 3.4.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The drive pulleys 1 and 2 are assumed to have moments of inertia and rotational 
friction coefficients 𝐽1 , 𝑏1 and 𝐽2 , 𝑏2. It is taken into account that belt sections are 
linear springs with the stiffness 𝑘𝑐 , 𝑘𝑑 , and 𝑘𝑒 according to each of the three sections.  
The belt surface is rough and the pulleys groove are not smooth. Because of these 
reasons we have taken into account that the juntion between the pulleys and the belt is 
perfect and the speed of the pulley’s surface is the same as that of the tape. Other 
parameters and variables of the main system are the following: 
 
 
Figure 3.4: Schematic presentation of pilot plant’s components 
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𝛼 [𝑟𝑎𝑑]: angle of the belt sections with the vertical 
𝜔 [𝑟𝑎𝑑/𝑠]: angular speed of the jockey pulley 
𝜔1, 𝜔2 [𝑟𝑎𝑑/𝑠]: angular speed of the motor drive 1 and 2 
𝑇1, 𝑇2 [𝑁 ∙ 𝑚]: input torque of drive 1 and 2 
𝑟1, 𝑟2 [𝑚]: radius of motor pulley 1 and 2 
 
According to the weight differences between the drive pulleys and the jockey pulley 
we can take into account that the jockey pulley is light. However, two situations have 
been analyzed, the first one assuming that the jockey pulley is light and rotates without 
friction and the second one, assuming that the jockey pulley is light but the rotation 
friction coefficient 𝑏3 is present. 
 
We have started considering each sub-system in the free body diagram as shown in 
Figure 3.5.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.5: Free body diagram of the main system 
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Drive pulley 1 and 2 
 
When Newton’s second law is applied to a differential mass element 𝑑𝑚 and the result 
is integrated over the entire body, we obtain: 
𝑑
𝑑𝑡
(𝐽 ∙ 𝜔) = 𝑇 (3.5) 
where 𝐽 ∙ 𝜔 is the angular momentum of the body and 𝑇 denotes the net torque applied 
about the fixed axis of rotation [6]. If the mass of the body remains constant, also the 
moment of inertia, 𝐽, and equation (3.5) can be rewritten as follows: 
𝐽 ∙
𝑑𝜔
𝑑𝑡
= 𝑇 (3.6) 
In Figure 3.6 the free body diagram of drive pulleys 1 and 2 is shown. 
 
 
 
 
 
 
 
 
 
In Figure 3.6 𝐹3 and  𝐹5 are the forces relized by springs C and E, respectively. The 
same applies on the drive pulley 2 where 𝐹4 and  𝐹6 are the forces realized by springs 
D and E. Finally 𝑣3 and 𝑣4 are the belt speeds of the drive pulleys surface and can be 
written as follows: 
𝑣3 = 𝜔1 ∙ 𝑟1 (3.7) 
𝑣4 = 𝜔2 ∙ 𝑟2 (3.8) 
Applying Newton’s second law to drive pulleys 1 and 2 the equations were obtained: 
T1 + F3 ∙ 𝑟1 − F5 ∙ 𝑟1 = 𝐽1 ∙ ?̇?1 + 𝑏1 ∙ 𝜔1 (3.9) 
T2 + F6 ∙ 𝑟2 − F4 ∙ 𝑟2 = 𝐽2 ∙ ?̇?2 + 𝑏2 ∙ 𝜔2 (3.10) 
Assuming zero initial conditions, equations (3.7-10) can be rewritten in the Laplace 
domain as follows: 
Figure 3.6: Free body diagram of drive pulley 1 and 2 
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𝑣3(𝑠) = 𝜔1(𝑠) ∙ 𝑟1 (3.11) 
𝑣4(𝑠) = 𝜔2(𝑠) ∙ 𝑟2 (3.12) 
T1(s) + F3(𝑠) ∙ 𝑟1 − F5(𝑠) ∙ 𝑟1 = 𝐽1 ∙ 𝑠 ∙ 𝜔1(𝑠) + 𝑏1 ∙ 𝜔1(𝑠) (3.13) 
T2(s) + F6(𝑠) ∙ 𝑟2 − F4(𝑠) ∙ 𝑟2 = 𝐽2 ∙ 𝑠 ∙ 𝜔2(𝑠) + 𝑏2 ∙ 𝜔2(𝑠) (3.14) 
By reorganization of presented equations, the transfer functions can be presented as 
are illustrated in Figure 3.7 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The two drive pulleys have the same technical specifications and we can assume that 
they are identical. For that reason we have considered that both drive pulleys have the 
same moment of inertia 𝐽, rotational fricton coefficients 𝑏, and radius 𝑟. However in  
chapter 4 we are going to verify these assumptions: 
 
𝐽 = 𝐽1 = 𝐽2 (3.15) 
𝑏 = 𝑏1 = 𝑏2 (3.16) 
𝑟 = 𝑟1 = 𝑟2 (3.17) 
𝑟1 
+ 
+ 
- 
1
𝐽1 ∙ 𝑠 + 𝑏1
 
𝑟1 
𝐹3(𝑠) 
𝐹5(𝑠) 
𝑇1(𝑠) 𝜔1(𝑠) 
𝑟2 
+ 
+ 
- 
1
𝐽2 ∙ 𝑠 + 𝑏2
 
𝑟2 
𝐹6(𝑠) 
𝐹4(𝑠) 
𝑇2(𝑠) 𝜔2(𝑠) 
Figure 3.7: Block diagram of drive pulleys 1 and 2 
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Belt sections C, D and E 
 
Any mechanical element that withstands a change in shape when is subjected to a force 
can be simbolized by a stiffness element, provided only that an algebraic relationship 
exists between the elongation and the force [6]. When this relation is linear, it is known 
as Hooke’s law. In Figure 3.8 the representation of each belt sections is shown. 
 
 
 
 
 
 
 
In Figure 3.8 𝑣𝑐, 𝑣𝑒 , and 𝑣𝑑 are the velocities of each spring, respectively. Assuming 
linear behavior of the springs, the absolute value of the forces are: 
𝐹3 = 𝐹1 = 𝑘𝑐 ∙ 𝑥𝑐 (3.18) 
𝐹5 = 𝐹6 = 𝑘𝑒 ∙ 𝑥𝑒 (3.19) 
𝐹2 = 𝐹4 = 𝑘𝑑 ∙ 𝑥𝑑 (3.20) 
where 𝑥𝑐 , 𝑥𝑒 and 𝑥𝑑 are the elongation of each spring and can be written as: 
𝑥𝑐 = 𝑥1 − 𝑥3 (3.21) 
𝑥𝑒 = 𝑥5 − 𝑥6 (3.22) 
𝑥𝑑 = 𝑥4 − 𝑥2 (3.23) 
where 𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, and 𝑥6 are the positions of each spring in contact with each 
pulley. 
 
Deriving equations (3.18-20) we have obtained the relation between each belt velocity 
and the velocities of each belt in contact with each pulley in the form: 
𝑣𝑐 = ?̇?1 − ?̇?3 = 𝑟 ∙ (𝜔 − 𝜔1) (3.24) 
𝑣𝑒 = ?̇?5 − ?̇?6 = 𝑟 ∙ (𝜔1 − 𝜔2) (3.25) 
𝑣𝑑 = ?̇?4 − ?̇?2 = 𝑟 ∙ (𝜔2 − 𝜔) (3.26) 
Figure 3.8: Representation of belt sections C, E and D. 
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Assuming zero initial conditions equations (3.18-26) can be rewritten in the Laplace 
domain as follows: 
𝐹3(𝑠) = 𝐹1(𝑠) = 𝑘𝑐 ∙ (𝑥1(𝑠) − 𝑥3(𝑠)) (3.27) 
𝐹5(𝑠) = 𝐹6(𝑠) = 𝑘𝑒 ∙ (𝑥5(𝑠) − 𝑥6(𝑠)) (3.28) 
𝐹2(𝑠) = 𝐹4(𝑠) = 𝑘𝑑 ∙ (𝑥4(𝑠) − 𝑥2(𝑠)) (3.29) 
𝑣𝑐(𝑠) = 𝑟 ∙ (𝜔(𝑠) − 𝜔1(𝑠)) (3.30) 
𝑣𝑒(𝑠) = 𝑟 ∙ (𝜔1(𝑠) − 𝜔2(𝑠)) (3.31) 
𝑣𝑑(𝑠) = 𝑟 ∙ (𝜔2(𝑠) − 𝜔(𝑠)) (3.32) 
 
3.3.1.1 Model 1: Light and frictionless jockey pulley  
In this sub-section we have considered that the jockey pulley is light and rotates 
without friction as shown in Figure 3.9.  
 
 
 
 
 
 
 
 
 
 
 
In Figure 3.9 𝐹1 and 𝐹2 are the forces realized by the springs C and D. The angular 
velocity of the jockey pulley is represented by 𝜔. Finally 𝑣1 and 𝑣2 are the velocities 
of the belt sections of each part and can also be written as: 
𝑣1 = 𝑟 ∙ 𝜔 (3.33) 
𝑣2 = 𝑟 ∙ 𝜔 (3.34) 
Applying Newton’s second law to the jockey pulley gives the following equation: 
𝐹2 ∙ 𝑟 − 𝐹1 ∙ 𝑟 = 0 (3.35) 
Figure 3.9: Light and frictionless pulley representation 
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Equation (3.35) can be rewritten as: 
𝑘𝑑 ∙ 𝑥𝑑 = 𝑘𝑐 ∙ 𝑥𝑐 (3.36) 
Deriving the equation (3.36) the relation between the velocities of the belt section C 
and D are given in the form: 
𝑘𝑑 ∙ ?̇?𝑑 = 𝑘𝑐 ∙ ?̇?𝑐 (3.37) 
Assuming zero initial conditions equations (3.43-46) can be transcribed in Laplace 
domain as follows: 
𝑣1(𝑠) = 𝑟 ∙ 𝜔(𝑠) (3.38) 
𝑣2(𝑠) = 𝑟 ∙ 𝜔(𝑠) (3.39) 
𝑘𝑑 ∙ 𝑥𝑑(𝑠) = 𝑘𝑐 ∙ 𝑥𝑐(𝑠) (3.40) 
According to equation (3.35) we have 
𝐹3 = 𝐹1 = 𝐹2 = 𝐹4 (3.41) 
We have obtained equation (3.42) and the block diagram illustrated in Figure 3.10 
adding equations (3.13) and (3.14) and solving them for 𝜔1 and 𝜔2 : 
𝜔1(𝑠) + 𝜔2(𝑠) =
1
𝐽 ∙ 𝑠 + 𝑏
[𝑇1(s) + 𝑇2(s)] (3.42) 
 
 
 
 
 
 
 
 
 
By combining the equations (3.30), (3.32) and (3.40) the relation between 𝜔 and 
𝜔1  𝑎𝑛𝑑 𝜔2 is given as: 
𝜔(𝑠) = [1 +
𝑘𝑑
𝑘𝑐
]
−1
∙
𝑘𝑑 ∙ 𝜔2(𝑠) + 𝑘𝑐 ∙ 𝜔1(𝑠)
𝑘𝑐
 (3.43) 
 
 
+ 
+ 
1
𝐽 ∙ 𝑠 + 𝑏
 
𝑇1(𝑠) 
𝑇2(𝑠) 
𝑇1(𝑠) + 𝑇2(𝑠) 
𝜔1(𝑠) + 𝜔2(𝑠) 
Figure 3.10: Block diagram of drive pulleys 1 and 2 
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where 𝑘𝑑 , 𝑘𝑐, and 𝑘𝑒 are proportional to the cross-sectional area and to Young’s 
modulus and are inversely proportional to the length. As both sections belong to the 
same belt, we can take into account 𝑘 = 𝑘𝑑 = 𝑘𝑐 = 𝑘𝑒, with this assumption equation 
(3.43) can be rewritten as follows: 
𝜔(𝑠) =
1
2
∙ [𝜔1(𝑠) + 𝜔2(𝑠)] (3.44) 
Finally combining equations (3.52) and (3.54) and solving for 𝜔 we have found the 
relation between the inputs 𝑇1, 𝑇2 and the output 𝜔. In Figure 3.11 the block diagram 
of the Main System is shown. 
𝜔(𝑠) =
1
2
∙
1
𝐽 ∙ 𝑠 + 𝑏
[T1(s) + T2(s)] (3.45) 
 
 
 
 
 
 
 
 
 
3.3.1.2 Model 2: Light jockey pulley with rotational frictional coefficient 
In this sub-section we have contemplated that the jockey pulley is light but friction is 
present as shown in Figure 3.12.  
 
 
 
 
 
 
 
 
 
 
 
+ 
+ 
1
𝐽 ∙ 𝑠 + 𝑏
 
𝑇1(𝑠) 
𝑇2(𝑠) 
𝑇1(𝑠) + 𝑇2(𝑠) 𝜔1(𝑠) + 𝜔2(𝑠) 
Figure 3.11: Block diagram of the model 1 
1
2
 𝜔(𝑠) 
Figure 3.12: Light pulley representation takin into account the rotational 
frictional coefficient 
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In Figure 3.12 𝐹1 and 𝐹2 are the forces realized by the springs C and D. The angular 
velocity of the jockey pulley is represented by 𝜔. Finally, 𝑣1and 𝑣2 are the velocities 
of the belt sections in each part. The pulley is light but the rotational friction has been 
considered and denoted by 𝑏3.  
 
Applying Newton’s second law to the jockey pulley we have obtained the following 
equation: 
𝐹2 ∙ 𝑟 − 𝐹1 ∙ 𝑟 = 𝑏3 ∙ 𝜔 (3.46) 
Equation (3.56) can be written in the following form: 
𝑘𝑑 ∙ 𝑥𝑑 − 𝑘𝑐 ∙ 𝑥𝑐 = 𝑏3 ∙ 𝜔 (3.47) 
Deriving equation (3.57) we have finally defined the relation between the velocities of 
the belt section C , D and the angular speed of the jockey pulley 𝜔: 
𝑘𝑑 ∙ ?̇?𝑑 − 𝑘𝑐 ∙ ?̇?𝑐 = 𝑏3 ∙ ?̇? (3.48) 
Assuming zero initial conditions equations (3.33-34) and (3.46-48) can be rewritten in 
Laplace domain as follows: 
𝑣1(𝑠) = 𝑟 ∙ 𝜔(𝑠) (3.49) 
𝑣2(𝑠) = 𝑟 ∙ 𝜔(𝑠) (3.50) 
𝑘𝑑 ∙ 𝑥𝑑(𝑠) − 𝑘𝑐 ∙ 𝑥𝑐(𝑠) = 𝑏3 ∙ 𝜔(𝑠) (3.51) 
Equation (3.52) was obtained adding equations (3.13-14) and combining them with 
equation (3.46). In Figure 3.13 the corresponding block diagram is shown. 
𝜔1(𝑠) + 𝜔2(𝑠) =
1
𝐽 ∙ 𝑠 + 𝑏
[𝑇1(s) + 𝑇2(s)] −
𝑏3
𝐽 ∙ 𝑠 + 𝑏
∙ 𝜔(𝑠) (3.52) 
 
 
 
 
 
 
 
 
 
 
+ 
+ 1
𝐽 ∙ 𝑠 + 𝑏
 
𝑇1(𝑠) 
𝑇2(𝑠) 
𝑇1(𝑠) + 𝑇2(𝑠) 
𝜔1(𝑠) + 𝜔2(𝑠) 
Figure 3.13: Block diagram of drive pulleys 1 and 2 
𝑏3 𝜔(𝑠) 
- 
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Combining equations (3.30), (3.32) and (3.47) and assuming 𝑘 = 𝑘𝑑 = 𝑘𝑐 = 𝑘𝑒 we 
have obtained the relation between 𝜔, 𝜔1, and  𝜔2 as: 
𝜔(𝑠) =
𝑟 ∙ 𝑘 ∙ (𝜔2(𝑠) + 𝜔1(𝑠))
𝑏3 ∙ 𝑠 + 2 ∙ 𝑘 ∙ 𝑟
 (3.53) 
Finally, with the combination of equations (3.62) and (3.63) and solving for 𝜔 we have 
found the transfer function that links 𝜔 with 𝑇1, and 𝑇2. In Figure 3.14 the block 
diagram of the main system is shown. 
 
 
 
 
 
 
 
 
 
Solving the close-loop of the diagram in Figure 3.14 we have achieved the following 
equation: 
𝜔(𝑠) =
𝑟 ∙ 𝑘
(𝐽 ∙ 𝑠 + 𝑏) ∙ (𝑏3 ∙ 𝑠 + 2 ∙ 𝑘 ∙ 𝑟) + 𝑏3 ∙ 𝑟 ∙ 𝑘
[T1(s) + T2(s)] (3.54) 
 
3.3.2 Modeling the free-motion pivoted arm 
Henceforth we have demobilized the pivoted arm and this has been subjected to a 
spring. That fact has enabled the jockey pulley to have also vertical movement. The 
tension of the belt has played an important role and has been measured throughout the 
pivot arm deflection. In Figure 3.15 the jockey pulley and the arm are shown in detail. 
+ 
+ 1
𝐽 ∙ 𝑠 + 𝑏
 
𝑇1(𝑠) 
𝑇2(𝑠) 
𝑇1(𝑠) + 𝑇2(𝑠) 𝜔1(𝑠) + 𝜔2(𝑠) 
Figure 3.14: Block diagram of the model 2 
𝑏3 
𝜔(𝑠) 
- 
𝑘 ∙ 𝑟
𝑏3 ∙ 𝑠 + 2 ∙ 𝑘 ∙ 𝑟
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The following notation is used: 
𝐹𝑎 [𝑁]: force in the arm tensioning spring 
𝑥 [𝑚]: vertical movement of the jockey pulley 
𝜃 [𝑟𝑎𝑑]: arm deflection 
𝐹 [𝑁]: force of the belt sections 
𝐿 [𝑚]: distance between pivot and the pulley axis 
𝛼 [𝑟𝑎𝑑]: angle of the belt sections with the vertical 
 
The deflection of the jockey pulley axis and tensioning spring 𝑥 is related for small 
angles to the angular deflection 𝜃 of the jockey arm as follows: 
𝜃 =
𝑥
𝐿
 (3.55) 
Schematic representation of the system is presented in Figure 3.16 where also main 
system properties are indicated. 
 
 
 
Figure 3.15: Schematic representation of the jockey pulley and the pivoted arm. 
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In Figure 3.16 𝑚𝑎 [𝑘𝑔] is the mass, 𝑘𝑎 [𝑁/𝑚] is the linear spring of stiffness and 
𝑏𝑎 [𝑘𝑔 ∙ 𝑚/𝑠] is the viscous damping coefficient. The other subsystems are the same 
as studied in chapter 3.3.1. For that reason we have just focused in the jockey pulley 
but equations (3.5-31) are still valid for this model . 
 
Jockey pulley 
We have taken into account that the jockey pulley is light and rotates without friction 
in order to simplify the model. In Figure 3.17 only the upper part of the system is 
presented schematically. 
 
 
 
 
 
 
Figure 3.16: Schematic representation of the system with free-motion of the pivoted arm 
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Applying Newton's second law to the jockey pulley gives the following equations: 
𝐹2 ∙ 𝑠𝑖𝑛 𝛼 − 𝐹1 ∙ 𝑠𝑖𝑛 𝛼 = 0 (3.56) 
𝐹2 ∙ 𝑐𝑜𝑠 𝛼 + 𝐹1 ∙ 𝑐𝑜𝑠 𝛼 − 𝐹𝑎 = 0 
(3.57) 
𝐹𝑎 = 𝑚𝑎 ∙ ?̈? + 𝑏𝑎 ∙ ?̇? + 𝑘𝑎 ∙ 𝑥 
(3.58) 
Equation (3.56) can be rewritten as follows: 
𝐹 = 𝐹2 = 𝐹1 (3.59) 
By taking into account the power conservation we can write: 
?̇? ∙ 𝐹𝑎 = 𝐹 ∙ (𝑣1 − 𝑣2) (3.60) 
Until now velocities 𝑣1 and 𝑣2 were the result of rotation movement. Now it is 
necessary to take into account also the component related with the vertical movement 
?̇?: 
𝑣1 = 𝑟 ∙ 𝜔 + ?̇? ∙ cos 𝛼 (3.61) 
𝑣2 = 𝑟 ∙ 𝜔 − ?̇? ∙ cos 𝛼 (3.62) 
Assuming zero initial conditions, equations (3.57-58) and (3.61-62) can be written in 
the Laplace domain as follows: 
 
 
Figure 3.17: Schematic representation of jockey pulley and 
mass-spring-dumper system 
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𝐹𝑎(𝑠) = 2 ∙ 𝐹(𝑠) ∙ cos 𝛼 (3.63) 
𝐹𝑎(𝑠) = (𝑠
2 ∙ 𝑚𝑎 + 𝑠 ∙ 𝑏𝑎 + 𝑘𝑎) ∙ 𝑥(𝑠) (3.64) 
𝑠 ∙ 𝑥(𝑠) ∙ 𝐹𝑎(𝑠) = 𝐹(𝑠) ∙ (𝑣1(𝑠) − 𝑣2(𝑠)) (3.65) 
𝑣1(𝑠) = 𝑟 ∙ 𝜔(𝑠) + 𝑠 ∙ 𝑥(𝑠) ∙ cos 𝛼 (3.66) 
𝑣2(𝑠) = 𝑟 ∙ 𝜔(𝑠) − 𝑠 ∙ 𝑥(𝑠) ∙ cos 𝛼 (3.67) 
Equation (3.68) and the block diagram in Figure 3.18 can be defined by adding 
equations (3.13) and (3.14) and solving them for 𝜔1 and 𝜔2: 
𝜔1(𝑠) + 𝜔2(𝑠) =
1
𝐽 ∙ 𝑠 + 𝑏
[𝑇1(s) + 𝑇2(s)] (3.68) 
 
 
 
 
 
 
 
 
By combining equations (3.30), (3.32), (3.40) and (3.66-67) we can find the relation 
between 𝜔 and 𝜔1, and 𝜔2 in the form: 
𝜔(𝑠) = [1 +
𝑘𝑑
𝑘𝑐
]
−1
∙
𝑘𝑑 ∙ 𝜔2(𝑠) + 𝑘𝑐 ∙ 𝜔1(𝑠)
𝑘𝑐
+
1
𝑟
∙ (1 −
𝑘𝑑
𝑘𝑐
) ∙ 𝑠 ∙ 𝑥(𝑠) ∙ cos 𝛼 (3.69) 
Taking into account that the three sections belong to the same belt, we can assume 𝑘 =
𝑘𝑑 = 𝑘𝑐 = 𝑘𝑒. With this consideration equation (3.70) can be rewritten as follows: 
𝜔(𝑠) =
1
2
∙ [𝜔1(𝑠) + 𝜔2(𝑠)] (3.70) 
Finally, combining equations (3.60) and (3.70) and solving them for 𝜔 we have found 
the relation between the inputs 𝑇1 and 𝑇2 and the output 𝜔: 
𝜔(𝑠) =
1
2
∙
1
𝐽 ∙ 𝑠 + 𝑏
[𝑇1(s) + 𝑇2(s)] (3.71) 
In Figure 3.19 the block diagram of the main system is illustrated. 
 
 
+ 
+ 
1
𝐽 ∙ 𝑠 + 𝑏
 
𝑇1(𝑠) 
𝑇2(𝑠) 
𝑇1(𝑠) + 𝑇2(𝑠) 
𝜔1(𝑠) + 𝜔2(𝑠) 
Figure 3.18: Block Diagram of drive pulleys 1 and 2 
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We have just found the relation between the output 𝜔 and the inputs of the main system 
𝑇1 and 𝑇2. Next step is to calculate the relation between the second output 𝜃 and the 
inputs. 
 
Subtracting equations (3.9-10) and combining them with the equation (3.36) we have 
obtained the equation as follows: 
𝑇2(s) − 𝑇1(s) + 2 · k𝑒 ∙ 𝑥𝑒(𝑠) ∙ 𝑟 − 2 · k𝑐 ∙ 𝑥𝑐(𝑠) ∙ 𝑟 = (𝐽 ∙ 𝑠 + 𝑏) ∙ (𝜔2(𝑠) − 𝜔1(𝑠)) (3.72) 
The relation between difference of the angular speeds 𝜔2(𝑠) − 𝜔1(𝑠) and the 
difference of the torque 𝑇2(s) − 𝑇1(s) was obtained linking equations (3.66-67), (3.72) 
and assuming 𝑘 = 𝑘𝑑 = 𝑘𝑐 = 𝑘𝑒: 
𝜔2(𝑠) − 𝜔1(𝑠) =
𝑠
𝐽 · 𝑠2 + 𝑏 · 𝑠 + 2 · 𝑟2 · 𝐾(𝑠)
∙ (𝑇2(s) − 𝑇1(s)) (3.73) 
where 𝐾(𝑠) is: 
𝐾(𝑠) = 𝑘 · (1 +
𝑠2 ∙ 𝑚𝑎 + 𝑠 ∙ 𝑏𝑎 + 𝑘𝑎
2 · (𝑠2 ∙ 𝑚𝑎 + 𝑠 ∙ 𝑏𝑎 + 𝑘𝑎) − (2 · cos 𝛼)2 · 𝑘
) (3.74) 
Combining equations (3.63-65) we can find the relation between the vertical 
displacement of the jockey pulley, 𝑥 and the displacement of the belt section C 𝑥𝑐 as 
follows: 
 𝑥(𝑠) =
2∙𝑘∙cos 𝛼
𝑚𝑎·𝑠2+𝑏𝑎·𝑠+𝑘𝑎
∙ 𝑥𝑐(𝑠) (3.75) 
Otherwise the connection between the displacement of the belt section C and the 
angular velocity difference between the drive pulleys can be performed combining 
equations (3.49), (3.66-67), and (3.75): 
𝑥𝑐(𝑠) = [
𝑠2 ∙ 𝑚𝑎 + 𝑠 ∙ 𝑏𝑎 + 𝑘𝑎
(1 +
𝑘𝑑
𝑘𝑐
) · (𝑠2 ∙ 𝑚𝑎 + 𝑠 ∙ 𝑏𝑎 + 𝑘𝑎) − (2 · cos(𝛼))2 · 𝑘𝑐
] ·
𝑟
𝑠
· (𝑤2(𝑠) − 𝑤1(𝑠)) (3.76) 
1
𝐽 ∙ 𝑠 + 𝑏
 
𝑇1(𝑠) 
𝑇2(𝑠) 
𝑇1(𝑠) + 𝑇2(𝑠) 𝜔1(𝑠) + 𝜔2(𝑠) 
Figure 3.19: Block Diagram of the Main System 
1
2
 
𝜔(𝑠) 
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The relation between 𝑥, 𝑇1 and 𝑇2 can be obtained linking equations (3.73-76) and 
assuming 𝑘 = 𝑘𝑑 = 𝑘𝑐 = 𝑘𝑒. The final transfer function is given as: 
𝑥(𝑠) = [
2 ∙ 𝑘 ∙ 𝑟 ∙ cos 𝛼
2 · (𝑠2 ∙ 𝑚𝑎 + 𝑠 ∙ 𝑏𝑎 + 𝑘𝑎) − (2 · cos 𝛼)2 · 𝑘
] ∙
𝑇2(s) − 𝑇1(s)
𝐽 · 𝑠2 + 𝑏 · 𝑠 + 2 · 𝑟2 · 𝐾(𝑠)
 (3.77) 
Finally, to obtain the relation between the deflection (𝜃) and the input signals (𝑇1, 𝑇2) 
we need to link equation (3.46) and (3.77). The following result was obtained: 
𝜃(𝑠) =
1
𝐿
∙ [
2 ∙ 𝑘 ∙ 𝑟 ∙ cos 𝛼
2 · (𝑠2 ∙ 𝑚𝑎 + 𝑠 ∙ 𝑏𝑎 + 𝑘𝑎) − (2 · cos 𝛼)2 · 𝑘
] ∙
𝑇2(s) − 𝑇1(s)
𝐽 · 𝑠2 + 𝑏 · 𝑠 + 2 · 𝑟2 · 𝐾(𝑠)
 (3.78) 
3.4 Sensors modelling 
As mentioned in chapter 2 the pilot plant was provided with two different types of 
sensors. The tachogenerator is responsible for detecting the angular speed of the 
pulleys and provides a voltage signal. The other sensor is the servo potentiometer, 
used for deflection measurement of the pivoted arm. It can be expected that the 
voltage signals are proportional to the measured signal, however in chapter 4 we are 
going to verify these assumptions.  
 
3.4.1 Tachogenerators 
Equations (3.80) and (3.81) show the relations between the angular speed 𝜔1 and 𝜔2 
of the drive pulleys and their output voltages: 
𝑦𝜔1(𝑠) = 𝑔𝜔1 ∙ 𝜔1(𝑠) (3.79) 
𝑦𝜔2(𝑠) = 𝑔𝜔2 ∙ 𝜔2(𝑠) (3.80) 
In Figure 3.20 a block diagram of both sensors is presented. 
 
 
 
 
 
 
 
 
 
𝑔𝜔1  
𝜔1(𝑠) 𝑦𝜔1(𝑠) 
𝑔𝜔2  
𝜔2(𝑠) 𝑦𝜔2(𝑠) 
Figure 3.20: Block diagram of the drive pulley sensors 
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Equation (3.81) shows the relation between the angular speed of the jockey pulley, 
𝜔 and corresponding output voltage: 
𝑦1(𝑠) = 𝑔1 ∙ 𝜔(𝑠) (3.81) 
In Figure 3.21 a block diagram of the sensor is shown. 
 
 
 
 
3.4.2 The servo potentiometer 
The servo potentiometer is mounted axially with the pivot. The potentiometer 
measures the deflection of the pivoted arm and produces a corresponding voltage 
signal. Equation (3.82) shows the relation between the arm inclination and it’s 
corresponding voltage, while in Figure 3.22 a block diagram of the sensor is shown. 
𝑦2(𝑠) = 𝑔2 ∙ 𝜃(𝑠) (3.82) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
𝑔1 𝜔(𝑠) 𝑦1(𝑠) 
Figure 3.21: Block diagram of the jockey pulley sensor 
𝑔2 𝜃(𝑠) 𝑦2(𝑠) 
Figure 3.22: Block diagram of the servo potentiometer 
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4. Experimentation 
4.1 Introduction 
In this chapter all the experiments realized with the goal to estimate unknown 
parameters and to verify and evaluate the mathematical models, developed in chapter 
3 are described. Moreover, special attention is devoted to the differences in both pilot 
plants. All the calculations, analysis and simulation were realized by MATLAB [7] 
and corresponding toolbox Simulink [8]. 
 
The organization of the presentation is in this chapter different as in previous 
chapters. We have started the experimentation with the sensors. Then attention was 
devoted to the actuators and corresponding parameters. Finally, we have focused on 
the estimation of the main system parameters with the pivoted arm fixed and free. 
We have also realized the experiments for validation purposes. 
 
4.2 Sensors 
Some experiments have been performed with both pilot plants to obtain the 
proportional constants of the sensors. First it is explained how the constants of the 
three tachogenerators have been defined and finally we have described the 
experiment used to evaluate the relation between the arm inclination and it's 
respective voltage. 
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4.2.1 Tachogenerators 
The experiment with the tachogenerators has involved a slow motion camera. We 
have recorded the pulleys for 10 seconds using different input signals. For definition 
of angular speed we have counted the rotations of the pulley in a time period and 
converted  the result to 𝑟𝑎𝑑/𝑠 with the following equation: 
𝜔 =
1
10
𝑥
𝑙𝑎𝑝𝑠
10 𝑠
𝑥
2𝜋 𝑟𝑎𝑑
1 𝑙𝑎𝑝
 (4.1) 
Then, we have compared angular speed regarding the corresponding value in volts. 
In Table 4.1 the results of motor 1 of both apparatuses are shown. 
 
Table 4.1: Results of drive 1 experiment 
 Apparatus 1 Apparatus 2 
𝒖𝟏 [𝑽] 𝒚𝝎𝟏  [𝑽] 𝝎𝟏 [𝒓𝒂𝒅/𝒔] 𝒚𝝎𝟏  [𝑽] 𝝎𝟏 [𝒓𝒂𝒅/𝒔] 
1 0.273 9.634 0.303 9.006 
1.5 0.616 21.468 0.819 25.133 
0 0 0 0 0 
-1 -0.250 -8.461 -0.209 -6.510 
-1.5 -0.632 -22.253 -0.765 -23.876 
 
The results in Table 4.1 are illustrated also in Figure 4.1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.1: Measurement results show the relation between the first motor measured voltage 
𝑦𝜔1  [𝑉] and estimated angular velocity 𝜔1 [𝑟𝑎𝑑/𝑠] 
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From the results in Figure 4.2 it can be concluded that the relation between both 
variables is linear. We have also taken into account that this relation is equal for the 
whole operating range. For simplification purposes we have taken into account the 
average of the values presented in Table 4.2. So we have: 
𝑔𝜔11 =
𝑦𝜔1
𝜔1
= 0.0286 
𝑉 ∙ 𝑠
𝑟𝑎𝑑
 (4.2) 
The same procedure has been realized when calculated the constant value of 
apparatus 2. 
𝑔𝜔12 =
𝑦𝜔1
𝜔1
= 0.0324 
𝑉 ∙ 𝑠
𝑟𝑎𝑑
 (4.3) 
We have realized the same experiment to determine the relationship between output 
tension and angular velocity of motor 2. However, we have not realized the 
experiment in apparatus 1 as a consequence of a problem with the drive 2 sensor. In 
Table 4.3 the results of the experiment are shown. 
 
Table 4.2: Results of drive 2 experiment 
 Apparatus  1 Apparatus 2 
𝒖𝟐 [𝑽] 𝒚𝝎𝟐  [𝑽] 𝝎𝟐 [𝒓𝒂𝒅/𝒔] 𝒚𝝎𝟐  [𝑽] 𝝎𝟐 [𝒓𝒂𝒅/𝒔] 
1 - - 0.165 5.568 
1.5 - - 0.760 24.243 
0 - - 0 0 
-1 - - -0.263 -7.610 
-1.5 - - -0.812 -25.115 
The results in Table 4.2 are illustrated in Figure 4.2. 
 
 
 
 
 
 
 
 
 
 
 
 Figure 4.2: Measurement results show the relation between the second motor 
measured voltage 𝑦𝜔2  [𝑉] and estimated angular velocity 𝜔2 [𝑟𝑎𝑑/𝑠] 
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According to Figure 4.2 we have made the same assumption than in motor 1. The 
constant value of apparatus 2 is: 
𝑔𝜔22 =
𝑦𝜔2
𝜔2
= 0.0319 
𝑉 ∙ 𝑠
𝑟𝑎𝑑
 (4.4) 
The value observed in equation (4.4) is very similar to the equation (4.3) value, for 
that reason we have assumed that the motor 2 constant value of apparatus 1 is the 
same that of motor 1: 
𝑔𝜔22 = 𝑔𝜔11 = 0.02864 
𝑉 ∙ 𝑠
𝑟𝑎𝑑
 (4.5) 
Finally, we have realized the same experiment with the jockey pulley. The results are 
shown in Table 4.3 and in Figure 4.3. 
 
Table 4.3: Results of jockey pulley experiment 
 Apparatus 1 Apparatus 2 
𝒖𝟏 = 𝒖𝟐 [𝑽] 𝒚𝝎𝟐  [𝑽] 𝝎𝟐 [𝒓𝒂𝒅/𝒔] 𝒚𝝎𝟐  [𝑽] 𝝎𝟐 [𝒓𝒂𝒅/𝒔] 
1.5 0.493 13.949 0.652 19.544 
1.75 0.726 20.879 0.934 28.327 
0 0 0 0 0 
-1.5 -0.518 -14.608 -0.682 -20.612 
-1.75 -0.763 -21.939 -0.796 -24.048 
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Figure 4.3: Measurement results show the relation between the jockey pulley measured 
voltage 𝑦1 [𝑉] and estimated angular velocity 𝜔 [𝑟𝑎𝑑/𝑠] 
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As can be seen in Figure 4.4 the relation between the two variables is linear. We have 
assumed this relation remains constant in all operation range. We have realized the 
same procedure for drive 1 and 2. The constant value for the apparatus 1 is: 
𝑔11 =
𝑦1
𝜔
= 0.0350 
𝑉 ∙ 𝑠
𝑟𝑎𝑑
 (4.6) 
and for the apparatus 2: 
𝑔12 =
𝑦1
𝜔
= 0.0331 
𝑉 ∙ 𝑠
𝑟𝑎𝑑
 (4.7) 
Observing equations (4.1-7) it can be concluded that presented values are similar. 
The three sensors installed in each device are practically the same, and so it is not 
surprising that also parameters are identical. Thus we have taken into account: 
𝑔 = 𝑔𝜔11 = 𝑔𝜔12 = 𝑔𝜔21 = 𝑔𝜔22 = 𝑔11 = 𝑔12 = 0.03 
𝑉 ∙ 𝑠
𝑟𝑎𝑑
 (4.8) 
4.3.2 Servo potentiometer 
The experiment realized to obtain the relation between the voltage signal 𝑦2 and the 
arm inclination was the following. We have placed the arm in different positions and 
we have measured corresponding voltage output values. In Table 4.4 the results are 
presented. 
Table 4.4: Results of inclination experiment 
 Apparatus 1 Apparatus 2 
𝜽 [𝒓𝒂𝒅] 𝒚𝟐 [𝑽] 𝒚𝟐 [𝑽] 
0.087 8.985 9.020 
0 -0.741 -0.355 
-0.087 -10.292 -9.898 
 
In Figure 4.4 the results from Table 4.4 are illustrated. 
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Figure 4.4 shows a linear relation between the variables. It can also be seen that the 
values are identical for both apparatuses. The constant value has been obtained with 
the average of the values in Table 4.5.  
𝑔2 =
𝑦2
𝜃
= 109.76 
𝑉
𝑟𝑎𝑑
 (4.9) 
4.3 Actuators 
The relation between the inputs and the outputs of the servomotor 1 and 2 were 
explained in section 3.2. In Table 4.5 the operation range of corresponding variables 
[4] are presented. 
 
Table 4.5: Operation range of voltage signals and corresponding 
torques defined by producer 
 Apparatus 1 Apparatus 2 
Voltage [𝑽] ±10 ±10 
Torque [𝑵 ∙ 𝒎] ±3000 ±3250 
 
To define the actuator constants of apparatus 1 we have written equations (3.1-2) 
and, taking into account that both motors are identical, we have: 
𝑔𝑇1 = 𝑔𝑎1 = 𝑔𝑏1 =
𝑇1
𝑢1
=
𝑇2
𝑢2
=
3000
10
= 300 
𝑁 ∙ 𝑚
𝑉
 (4.10) 
For apparatus 2 
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Figure 4.4: Measurement results show the relation between the arm  measured 
voltage 𝑦2 [𝑉] and estimated inclination  𝜃 [𝑟𝑎𝑑] 
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𝑔𝑇2 = 𝑔𝑎2 = 𝑔𝑏2 =
𝑇1
𝑢1
=
𝑇2
𝑢2
=
3250
10
= 325 
𝑁 ∙ 𝑚
𝑉
 (4.11) 
 
 
4.4 Main system 
 
In chapter 3.3. we have assumed that both motor drives are identical. For the 
evolution of this assumption we have observed both outputs of both apparatuses 
when the systems were excited with input step signal as illustrated in Figure 4.5. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
As responses are very similar we have taken into account that both motors have the 
same moment of inertia 𝐽 and rotational friction coefficient 𝑏. We have not executed 
the experiment in apparatus 1 due to a problem with drive 2 tachogenerator sensor.  
However we have assumed that both motors in apparatus 1 have also the same 
technical characteristics. 
 
 
 
 
 
 
Figure 4.5: Angular speed response of motors 1 and 2 of apparatus 2. 
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The following experiments were realized: 
  
Experiment 1 
Was realized with the pivoted arm fixed and both motors connected to the same input 
signal  𝑢1 = 𝑢2. 
 
Experiment 2 
Was realized with the pivoted arm fixed and motor 1 connected to the input signal 
𝑢1 while 𝑢2 = 0. 
 
Experiment 3 
Was realized with the pivoted arm fixed and motor 2 connected to the input signal 
𝑢2 while 𝑢1 = 0. 
 
Experiment 4 
Was realized with the pivoted arm fixed and both motors connected to different input 
signals 𝑢1 ≠ 0, 𝑢2 ≠ 0. 
 
Experiment 5 
Was realized with the free-motion pivoted arm and motor 1 connected to the input 
signal 𝑢1 while 𝑢2 = 0. 
 
Experiment 6 
Was realized with the free-motion pivoted arm and motor 1 connected to the input 
signal 𝑢2 while 𝑢1 = 0. 
 
Experiment 7 
Was realized with the free-motion pivoted arm, 𝑢1 ≠ 0 while 𝑢2 = 2𝑉. 
 
Experiment 8 
Was realized with the free-motion pivoted arm, 𝑢1 = 2𝑉 while 𝑢2 ≠ 0. 
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4.4.1 Experimentation with the pivoted arm fixed 
Experiment 1 
In Section 3.3.1 we have shown that the relation between the angular speed of the 
jockey pulley 𝜔 and the input torques 𝑇1 and 𝑇2 when the jockey pulley is assumed 
to be light and frictionless is as follows: 
𝜔(𝑠) =
1
2
∙
1
𝐽 ∙ 𝑠 + 𝑏
[𝑇1(s) + 𝑇2(s)] (3.45) 
We can express the equation (3.45) in terms of input and output voltage signal. 
Taking into account equations (3.3-4) and (3.81) we have obtained the following 
equation: 
𝑦1(𝑠) =
𝑔
2
∙
𝑔𝑇
𝐽 ∙ 𝑠 + 𝑏
[𝑢1(𝑠) + 𝑢2(𝑠)] (4.12) 
Taking into account the input signals of this experiment 𝑢𝑠1 = 𝑢1 + 𝑢2 we can 
rewrite equation (4.13) in terms of transfer function as follows: 
𝐺1(𝑠) =
𝑦1(𝑠)
𝑢𝑠1(𝑠)
=
𝑔 ∙ 𝑔𝑇
2
𝐽1 ∙ 𝑠 + 𝑏
=
𝑔 ∙ 𝑔𝑇
2𝑏1
𝐽1
𝑏1
∙ 𝑠 + 1
 (4.13) 
This transfer function represents the first order system and is usually expressed in the 
form: 
𝐺(𝑠) =
𝑦(𝑠)
𝑢(𝑠)
=
𝐾
𝜏 ∙ 𝑠 + 1
 (4.14) 
 
where 𝐾 and 𝜏 are parameters and can be determined as follows. 
 
𝐾 is the gain and is the ratio between the steady state value of the response and the 
constant value of the input. 
𝐾 =
𝑦∞
𝑢
 (4.15) 
Time constant 𝜏 represents the time needed for the response to reach 63.2% of its 
final value. 
 
In our case those values are represented by: 
𝐾1 =
𝑔 ∙ 𝑔𝑇
2𝑏1
    
𝑟𝑎𝑑
𝑁 ∙ 𝑚 ∙ 𝑠
 (4.16) 
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𝜏1 =
𝐽1
𝑏1
  𝑠 (4.17) 
In figure 4.6 used input signal is presented which enables the observation of system’s 
responses in the whole operation range. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The main difference between the responses of mathematical models and the real 
systems is that the behavior of the system is always influenced by unknown 
disturbances. This fact implies that the system response is never the same. For that 
reason we have made five repetitions of each experiment and we have taken into 
account the average values. In Figure 4.7 the input signal and the average of both 
apparatus’ outputs are shown. 
 
 
 
 
 
 
 
 
 
Figure 4.6: Input signal 𝑢1 = 𝑢2 of experiment 1 
Figure 4.7: Apparatus response in comparison with the input signal 
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The responses of both apparatuses fit with the response of the first order system. 
From presented results corresponding parameters were calculated as presented in 
Table 4.6. 
 
Table 4.6: Gain and time constants of each section of both apparatus 
 Apparatus 1 Apparatus 2 
𝒖𝟏 = 𝒖𝟐 [𝑽] 𝑲𝟏 [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝉𝟏 [𝒔] 𝑲𝟐 [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝉𝟐  [𝒔] 
1 0.048 0.288 0.059 0.351 
2 0.537 0.228 0.576 0.280 
3 0.500 0.222 0.517 0.279 
4 0.492 0.230 0.508 0.295 
5 0.500 0.255 0.511 0.302 
4 0.486 0.268 0.499 0.325 
3 0.488 0.250 0.504 0.314 
2 0.566 0.247 0.615 0.347 
1 0.167 0.124 0.204 0.097 
-1 0.152 0.226 0.141 0.308 
-2 0.590 0.225 0.596 0.284 
-3 0.496 0.229 0.512 0.283 
-4 0.505 0.235 0.511 0.296 
-5 0.520 0.251 0.513 0.297 
-4 0.497 0.255 0.503 0.329 
-3 0.502 0.246 0.505 0.334 
-2 0.500 0.247 0.626 0.346 
-1 0.248 0.080 0.262 0.088 
 
At this point it is necessary to focus on what happens when the input voltage 𝑢1 =
𝑢2 is between ±1 𝑉 range. Figure 4.8 is zoomed presentation of Figure 4.7 in 
surrounding of  ±1 𝑉 range.  
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In mechanical systems the friction is present and our case is no exception. When the 
system is at rest and we start trying to move the pulleys by applying a torque, a force 
opposing the motion appears, called static friction force. The system will be at rest 
until the torque applied to the pulleys gains the static force and then, that force is 
substituted for a lower one, the kinetic friction force. This phenomenon produces 
nonlinearities in the system response and for that reason we have not taken into 
account this ranges, called dead zones. In our case these dead zones appears when 
the input signals are inside the range of ±1 𝑉. 
 
In this case we have taken into account only system’s responses which were 
measured when input signals were inside the range between +1𝑉 to +5𝑉 or inside 
the operating range between −1𝑉 to −5𝑉. The first part of the experiment was 
realized with 1𝑉 ≤ 𝑢1 = 𝑢2 ≤ 2𝑉 and −2𝑉 ≤ 𝑢1 = 𝑢2 ≤ −1𝑉. The second part of 
the experiment with 2𝑉 ≤ 𝑢1 = 𝑢2 ≤ 5𝑉 and −5𝑉 ≤ 𝑢1 = 𝑢2 ≤ −2𝑉. From now 
on we will refer to the transfer function of apparatus 1 and 2 as 𝐺𝑥𝑡1(𝑠) and 𝐺𝑥𝑡2(𝑠) 
where 𝑥 and 𝑡 denotes the number of the experiment and the part of the experiment 
respectively. The transfer function of each apparatus in the first part is: 
𝐺111(𝑠) =
0.576
0.237𝑠 + 1
  
1𝑉 ≤ 𝑢1 = 𝑢2 ≤ 2𝑉 or 
−2𝑉 ≤ 𝑢1 = 𝑢2 ≤ −1𝑉 
(4.18) 
𝐺112(𝑠) =
0.603
0.314𝑠 + 1
 (4.19) 
Figure 4.8: Zoomed presentation of Figure 4.7 
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Combining equations (4.17-18), (4.19-20) and taking into account the values of the 
constants 𝑔 and 𝑔𝑇, we have found the values of the moment of inertia, 𝐽11, and the 
rotational friction coefficient, 𝑏11 for apparatus 1 for the first part: 
𝑏111 =
𝑔 ∙ 𝑔𝑇1
2𝐾111
=
0.03 ∙ 300
2 ∙ 0.576
= 7.81
 𝑘𝑔 ∙ 𝑚2
𝑠
 (4.20) 
𝐽111 = 𝜏111 ∙ 𝑏111 = 0.237 ∙ 7.81 = 1.85  𝑘𝑔 ∙ 𝑚
2  (4.21) 
and the following values for apparatus 2 were estimated: 
𝑏112 =
𝑔 ∙ 𝑔𝑇1
2𝐾112
=
0.03 ∙ 325
2 ∙ 0.603
= 8.08 
 𝑘𝑔 ∙ 𝑚2
𝑠
 (4.22) 
𝐽112 = 𝜏112 ∙ 𝑏112 = 0.314 ∙ 8.08 = 2.54  𝑘𝑔 ∙ 𝑚
2 (4.23) 
In the second part the values are quite similar, the small difference appears because 
of the disturbances. In that case we have considered the transfer function of each 
apparatus as: 
𝐺121(𝑠) =
0.498
0.25𝑠 + 1
  
2𝑉 ≤ 𝑢1 = 𝑢2 ≤ 5𝑉 or 
−5𝑉 ≤ 𝑢1 = 𝑢2 ≤ −2𝑉 
(4.24) 
𝐺122(𝑠) =
0.506
0.31𝑠 + 1
 (4.25) 
 
Combining equations (4.17-18), (4.25-26) and taking into account the values of the 
constants 𝑔 and 𝑔𝑇 we have determined the values of the moment of inertia 𝐽12 and 
the rotational friction coefficient 𝑏12 for apparatus 1 for the second part: 
𝑏121 =
𝑔 ∙ 𝑔𝑇1
2𝐾121
=
0.03 ∙ 300
2 ∙ 0.498
= 9.04 
 𝑘𝑔 ∙ 𝑚2
𝑠
 (4.26) 
𝐽121 = 𝜏121 ∙ 𝑏121 = 0.25 ∙ 9.04 = 2.26 𝑘𝑔 ∙ 𝑚
2 (4.27) 
and the following values for apparatus 2: 
𝑏122 =
𝑔 ∙ 𝑔𝑇2
2𝐾122
=
0.03 ∙ 325
2 ∙ 0.506
= 9.63 
 𝑘𝑔 ∙ 𝑚2
𝑠
 (4.28) 
𝐽122 = 𝜏122 ∙ 𝑏122 = 0.31 ∙ 9.63 = 2.99  𝑘𝑔 ∙ 𝑚
2 (4.29) 
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It is reasonable to expect that the moment of inertia 𝐽1 is constant because the masses 
of the pulleys are constant throughout the study. However, as we can see in equations 
(4.22), (4.28) for apparatus1 and in (4.24), (4.30) for apparatus 2 the moment of 
inertia differs slightly. On the other hand the rotational friction coefficient 𝑏1 can be 
nonlinear system property, can be higher at lower speeds and it influences 
considerably system’s response.  
 
With the transfer functions obtained in equations (4.18-19) and (4.24-25) we have 
tested the behavior of both models in Simulink program. In Figure 4.9 the comparison 
between the response of real system and the simulated models are shown for both 
apparatuses. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Experiment 2 
We have realized experiment 2 with the pivoted arm fixed and motor 1 connected to 
the input signal 𝑢1 while 𝑢2 = 0. The equation (4.15) was taken into account, as in 
this case the system can be excited with different input signals: 
𝑦1(𝑠) =
𝑔
2
∙
𝑔𝑇
𝐽 ∙ 𝑠 + 𝑏
[𝑢1(𝑠)] (4.12) 
or: 
Figure 4.9: Apparatus responses in comparison with responses of presented models, defined 
by the equations (4.19) and (4.25) for apparatus 1 and (4.20) and (4.26) for apparatus 2 
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𝐺2(𝑠) =
𝑦1(𝑠)
𝑢1(𝑠)
=
1
2
𝑔 ∙ 𝑔𝑇
𝐽2 ∙ 𝑠 + 𝑏2
=
𝑔 ∙ 𝑔𝑇
2 ∙ 𝑏2
𝐽2
𝑏2
∙ 𝑠 + 1
 (4.30) 
As in experiment 1, the transfer function corresponds to the first order system: 
𝐺2(𝑠) =
𝐾2
𝜏2 ∙ 𝑠 + 1
 (4.31) 
where 𝐾2 and 𝜏2 are: 
𝐾2 =
𝑔 ∙ 𝑔𝑇
2 ∙ 𝑏2
    
𝑟𝑎𝑑
𝑁 ∙ 𝑚 ∙ 𝑠
 (4.32) 
 
𝜏2 =
𝐽2
𝑏2
  𝑠 (4.33) 
If we compare the gain and time constant obtained in equations (4.32-33) with those 
in equations (4.16-17) of experiment 1, now the gain should be the same than in 
experiment 1 and the time constant too. But it was discovered that these assumptions 
cannot be taken into account. 
 
Testing input signal is illustrated in Figure 4.10. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.10: Input signal 𝑢1 of experiment 2 
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We have detected some problems with the realization of this experiment in both 
apparatuses. In apparatus 1 the belt slid from the pulley's groove when the input 
signal exceeded the 3 𝑉 value. The belt was subjected to high forces and the 
tangencial friccion force between the belt and the pulley's groove was not high 
enough to keep the belt spinning. Figure 4.11 illustrates the failed experiment in 
apparatus 1. 
 
 
 
 
 
 
 
 
 
 
On the other hand, when the experiment was performed in apparatus 2 another 
problem occurred. At a certain input voltage the belt started slipping and even though 
we were increasing the drive pulley speed, the jockey pulley was rotating at the same 
speed. In Figure 4.12 this phenomenon is shown. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
We have proceed to make another experiment with lower excitation voltages in order 
to observe the behavior of the systems and be able to determine unknown parameters.  
Figure 4.12: Failed experiment in apparatus 2 
Figure 4.11: Failed experiment in apparatus 1 
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We have chosen the operation range of ±3 𝑉. We have realized five equal 
experiments in order to reduce the influence of the disturbances. We have taken into 
account the average calculated responses. In Figure 4.13 the input signal and the 
average outputs of both apparatus are shown. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
As can be seen in Figure 4.13 the responses of both apparatuses are of similar shape 
which is characteristic for the first order systems. In addition we have calculated the 
value of the gain 𝐾2 and time constant 𝜏2 of each section of both apparatus. In Table 
4.7 the results are presented. 
 
Table 4.7: Gain and time constant values of each section of both apparatus 
 Apparatus 1 Apparatus 2 
𝒖𝟏[𝑽] 𝑲𝟏 [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝉𝟏 [𝒔] 𝑲𝟐 [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝉𝟐  [𝒔] 
1 0.008 - 0.009 - 
2 0.044 0.089 0.366 0.38 
3 0.614 0.252 0.418 0.39 
2 0.543 0.310 0.405 0.367 
1 0.009 - 0.380 - 
0 0 0 0 0 
-1 0.001 - 0.004 - 
-2 0.085 0.183 0.407 0.377 
-3 0.630 0.223 0.270 0.397 
-2 0.601 0.255 0.260 0.388 
-1 0.001 - 0.417 - 
 
Figure 4.13: Input signal and apparatuses responses 
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In this case we have taken into account only system’s responses which were 
measured when input signals were inside the range between +2𝑉 to +3𝑉 or inside 
the operating range between −3𝑉 to −2𝑉 for apparatus 1 and inside the range 
between +1𝑉 to +3𝑉 or inside the operation range between −3𝑉 to −1𝑉 for 
apparatus 2. The transfer function of apparatus 1 is: 
𝐺211(𝑠) =
0.597
0.26𝑠 + 1
 
2𝑉 ≤ 𝑢1 ≤ 3𝑉 or 
−3𝑉 ≤ 𝑢1 ≤ −2𝑉 
(4.34) 
and for apparatus 2: 
𝐺211(𝑠) =
0.358
0.38𝑠 + 1
 
1𝑉 ≤ 𝑢1 ≤ 3𝑉 or 
−3𝑉 ≤ 𝑢1 ≤ −1𝑉 
(4.35) 
Combining equations (4.32-33), (4.34-35) and taking into account the values of the 
constants 𝑔 and 𝑔𝑇 we have found the values of the moment of inertia 𝐽2 and the 
rotational friction coefficient 𝑏2 for the apparatus 1: 
𝑏21 =
𝑔 ∙ 𝑔𝑇
2 ∙ 𝐾21
=
0.03 ∙ 300
2 ∙ 0.597
= 7,54 
 𝑘𝑔 ∙ 𝑚2
𝑠
 (4.36) 
𝐽21 = 𝜏21 ∙ 𝑏21 = 0.234 ∙ 7.54 = 1.76  𝑘𝑔 ∙ 𝑚
2 (4.37) 
For apparatus 2: 
𝑏22 =
𝑔 ∙ 𝑔𝑇
2 ∙ 𝐾22
==
0.03 ∙ 325
2 ∙ 0.358
= 13.6  
 𝑘𝑔 ∙ 𝑚2
𝑠
 (4.38) 
𝐽22 = 𝜏22 ∙ 𝑏22 = 0.38 ∙ 13.6 = 5.17 𝑘𝑔 ∙ 𝑚
2  (4.39) 
Simulated results for presented models are illustrated in Figure 4.14 for apparatus 
1 and in Figure 4.15 for apparatus 2. Dead-zone was not taken into account in 
modelling results. 
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Figure 4.15: Input signal and apparatus 2 response in comparison with model response 
 
Figure 4.14: Input signal and apparatus 1 response in comparison with model response 
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Experiment 3 
In experiment 3 we have realized the same experimentation as in experiment 2 only 
with signal 𝑢2 instead with 𝑢1. We have used the same transfer function as in 
experiment 2: 
𝑦1(𝑠) =
𝑔
2
∙
𝑔𝑇
𝐽 ∙ 𝑠 + 𝑏
[𝑢2(𝑠)] (4.12) 
𝐺3(𝑠) =
𝑦1(𝑠)
𝑢2(𝑠)
=
1
2
𝑔 ∙ 𝑔𝑇
𝐽3 ∙ 𝑠 + 𝑏3
=
𝑔 ∙ 𝑔𝑇
2 ∙ 𝑏3
𝐽3
𝑏3
∙ 𝑠 + 1
 (4.40) 
As in experiment 1 and 2, the transfer function corresponds to the first order system: 
𝐺3(𝑠) =
𝐾3
𝜏3 ∙ 𝑠 + 1
 (4.41) 
where 𝐾3 and 𝜏3 are: 
𝐾3 =
𝑔 ∙ 𝑔𝑇
2 ∙ 𝑏3
  
𝑟𝑎𝑑
𝑁 ∙ 𝑚 ∙ 𝑠
 (4.42) 
𝜏3 =
𝐽3
𝑏3
 𝑠 (4.43) 
If we compare the gain and time constant in equations (4.42-43) with those defined 
in equations (4.32-33) of experiment 2, the gain and the time constant are equal.  
 
The input signal used to analyze the behavior of the systems is illustrated in Figure 
4.16. 
 
 
 
 
 
 
 
 
 
 
 
 
 Figure 4.16: Input signal of experiment 3 
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We have directly used the input signal shown in Figure 4.16 in order to avoid the 
problems described in experiment 2. We have realized the experiment five times in 
order to reduce the influence of the disturbances. In Figure 4.17 the input signal and 
the average outputs of both apparatus are shown. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
As can be seen in Figure 4.17 the responses of both apparatuses are of similar shape 
which is characteristic for the first order systems. In addition we have calculated 
the value of the gain 𝐾3 and the time constant 𝜏3 of each section of both apparatuses. 
In Table 4.8 the results are presented. 
 
Table 4.7: Gain and time constant values of each section of both apparatuses 
 Apparatus 1 Apparatus 2 
𝒖𝟐[𝑽] 𝑲𝟏 [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝉𝟏 [𝒔] 𝑲𝟐 [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝉𝟐  [𝒔] 
1 0.003 - 0.003 - 
2 0.286 0.245 0.408 0.381 
3 0.574 0.208 0.235 0.49 
2 0.573 0.227 0.199 0.517 
1 0.003 - 0.445 - 
0 0 0 0 0 
-1 0.003 - 0.001 - 
-2 0.240 0.274 0.444 0.415 
-3 0.542 0.230 0.440 0.345 
-2 0.529 0.235 0.435 0.377 
-1 0.003 - 0.450 - 
Figure 4.17: Input signal and apparatus responses 
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We have observed that both apparatuses has a dead-zone between ±1 𝑉 because 
the responses in this range were very low and irregular. We have taken into account 
only system’s responses which were measured when input signals were inside the 
range between +1𝑉 to +3𝑉 or inside the operating range between −3𝑉 to −1𝑉. 
The transfer function for both apparatuses are: 
𝐺311(𝑠) =
0.555
0.23𝑠 + 1
  
1𝑉 ≤ 𝑢2 ≤ 3𝑉 or 
−3𝑉 ≤ 𝑢2 ≤ −1𝑉 
(4.44) 
𝐺312(𝑠) =
0.382
0.42𝑠 + 1
 (4.45) 
Combining equations (4.42-45) and taking into account the values of the constants 
𝑔 and 𝑔𝑇, we have calculated the values of the moment of inertia 𝐽3 and the 
rotational friction coefficient 𝑏3 for apparatus 1: 
𝑏31 =
𝑔 ∙ 𝑔𝑇
2 ∙ 𝐾31
=
0.03 ∙ 300
2 ∙ 0.555
= 8.11  
 𝑘𝑔 ∙ 𝑚2
𝑠
 (4.46) 
𝐽31 = 𝜏31 ∙ 𝑏31 = 0.23 ∙ 8.11 = 1.86  𝑘𝑔 ∙ 𝑚
2   (4.47) 
and for apparatus 2: 
𝑏32 =
𝑔 ∙ 𝑔𝑇
2 ∙ 𝐾32
=
0.03 ∙ 325
2 ∙ 0.382
= 12.76  
 𝑘𝑔 ∙ 𝑚2
𝑠
 (4.48) 
𝐽32 = 𝜏32 ∙ 𝑏32 = 0.42 ∙ 12.76 = 5.36  𝑘𝑔 ∙ 𝑚
2 (4.49) 
Simulation results for presented models are illustrated in Figure 4.18 for apparatus 
1 and in Figure 4.19 for apparatus 2.  
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In Table 4.8 defined parameters are summarized. 
 
 
 
 
 
Figure 4.18: Comparison between the real response and the 
simulated one of apparatus 1 
 
Figure 4.19: Comparison between the real response and the 
simulated one of apparatus 2 
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Table 4.8: Compiled results from experiments 1, 2 and 3 
  Apparatus 1 Apparatus 2 
 
Input Range [𝑽] 𝑱𝟏  [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝒃𝟏[𝒔] 𝑱𝟐  [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝒃𝟐 [𝒔] 
Experiment 1 
+1𝑉 ≤ 𝑢1 = 𝑢2 ≤  +2𝑉 
or 
−2𝑉 ≤ 𝑢1 = 𝑢2 ≤  −1𝑉 
1.85 7.81 2.54 8.08 
+2𝑉 ≤ 𝑢1 = 𝑢2 ≤  +5𝑉 
or 
−5𝑉 ≤ 𝑢1 = 𝑢2 ≤  −2𝑉 
2.26 9.04 2.99 9.63 
Experiment 2 
𝒖𝟐 = 𝟎 
+1𝑉 ≤ 𝑢1 ≤  +2𝑉 
or 
−2𝑉 ≤ 𝑢1 ≤  −1𝑉 
- - 5.17 13.6 
+2𝑉 ≤ 𝑢1 ≤  +3𝑉 
or 
−3𝑉 ≤ 𝑢1 ≤  −2𝑉 
1.76 7.54 5.17 13.6 
Experiment 3 
𝒖𝟏 = 𝟎 
+1𝑉 ≤ 𝑢2 ≤  +2𝑉 
or 
−2𝑉 ≤ 𝑢2 ≤  −1𝑉 
1.86 8.11 5.36 12.76 
+2𝑉 ≤ 𝑢2 ≤  +3𝑉 
or 
−3𝑉 ≤ 𝑢2 ≤  −2𝑉 
1.86 8.11 5.36 12.76 
 
 
Experiment 4 
We have realized experiment 4 with the pivoted arm fixed and both motors 
connected to different inputs signals, 𝑢1 ≠ 𝑢2. The equation (4.12) was taken into 
account: 
𝑦1(𝑠) =
𝑔
2
∙
𝑔𝑇
𝐽 ∙ 𝑠 + 𝑏
[𝑢1(𝑠) + 𝑢2(𝑠)] (4.12) 
or: 
𝐺4(𝑠) =
𝑦1(𝑠)
𝑢𝑠1(𝑠)
=
1
2
𝑔 ∙ 𝑔𝑇
𝐽4 ∙ 𝑠 + 𝑏4
=
𝑔 ∙ 𝑔𝑇
2 ∙ 𝑏4
𝐽4
𝑏4
∙ 𝑠 + 1
 (4.50) 
The transfer function corresponds to the first order system: 
𝐺4(𝑠) =
𝐾4
𝜏4 ∙ 𝑠 + 1
 (4.51) 
where 𝐾4 and 𝜏4 are: 
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𝐾4 =
𝑔 ∙ 𝑔𝑇
2 ∙ 𝑏4
  
𝑟𝑎𝑑
𝑁 ∙ 𝑚 ∙ 𝑠
 (4.52) 
𝜏4 =
𝐽4
𝑏4
  𝑠 (4.53) 
 
The input signals used to analyze the behavior of the systems is illustrated in Figure 
4.20. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
We have realized five equal experiments in order to reduce the influence of the 
disturbances. We have taken into account the average calculated responses. In 
Figure 4.21 the input signal and the average outputs of both apparatuses are shown. 
 
Figure 4.20: Input signal of experiment 4 
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As can be seen in Figure 4.21 the responses of both apparatuses are of similar shape 
which is characteristic for the first order systems. In addition we have calculated 
the value of the gain 𝐾4 and the time constant 𝜏4 of each section of both apparatus. 
In table 4.9 the results are presented. 
 
Table 4.9: Gain and time constant values of each section of both apparatuses 
  Apparatus 1 Apparatus 2 
𝒖𝟐 𝒖𝟏 𝑲𝟒𝟏  [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝉𝟒𝟏  [𝒔] 𝑲𝟒𝟐  [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝉𝟒𝟐  [𝒔] 
2 2 0.430 0.298 0.636 0.301 
3 2 0.564 0.298 0.564 0.307 
2.5 2 0.501 0.287 0.576 0.359 
3.5 2 0.534 0.212 0.534 0.350 
 
We have taken into account two different parts. The first part of the experiment was 
realized with 0𝑉 ≤ 𝑢𝑠1 ≤ 2𝑉 and the second part with 2𝑉 ≤ 𝑢𝑠1 ≤ 3𝑉. 
The transfer functions of both apparatuses in the first part are: 
𝐺111(𝑠) =
0.430
0.3𝑠 + 1
  
0𝑉 ≤ 𝑢𝑠1 ≤ 2𝑉 
 
(4.54) 
𝐺112(𝑠) =
0.636
0.3𝑠 + 1
 (4.55) 
Figure 4.21: Input signal and apparatuses responses 
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Combining equations (4.52-55) and taking into account the values of the constants 𝑔 
and 𝑔𝑇, we have defined the values of the moment of inertia 𝐽41 and the rotational 
friction coefficient 𝑏41 for apparatus 1 in the first part: 
𝑏411 =
𝑔 ∙ 𝑔𝑇
2𝐾411
=
0.03 ∙ 300
2 ∙ 0.430
= 10.47  
 𝑘𝑔 ∙ 𝑚2
𝑠
  (4.56) 
𝐽411 = 𝜏411 ∙ 𝑏411 = 0.3 ∙ 10.47 = 3.14  𝑘𝑔 ∙ 𝑚
2    (4.57) 
and the following values for apparatus 2 were estimated: 
𝑏412 =
𝑔 ∙ 𝑔𝑇
2𝐾412
=
0.03 ∙ 325
2 ∙ 0.636
= 7.67 
 𝑘𝑔 ∙ 𝑚2
𝑠
  (4.58) 
𝐽412 = 𝜏412 ∙ 𝑏412 = 0.3 ∙ 7.67 = 2.30  𝑘𝑔 ∙ 𝑚
2 (4.59) 
The transfer functions of both apparatuses in the second part are: 
𝐺111(𝑠) =
0.534
0.27𝑠 + 1
  
2𝑉 ≤ 𝑢𝑠1 ≤ 3.5𝑉 
 
(4.60) 
𝐺112(𝑠) =
0.558
0.34𝑠 + 1
 (4.61) 
Combining equations (4.52-53), (4.60-61) and taking into account the values of the 
constants 𝑔 and 𝑔𝑇, we have defined the values of the moment of inertia 𝐽41 and the 
rotational friction coefficient 𝑏41 for apparatus 1 in the second part: 
𝑏421 =
𝑔 ∙ 𝑔𝑇
2𝐾421
=
0.03 ∙ 300
2 ∙ 0.533
= 8.44  
 𝑘𝑔 ∙ 𝑚2
𝑠
  (4.62) 
𝐽421 = 𝜏421 ∙ 𝑏421 = 0.27 ∙ 8.44 = 2.28  𝑘𝑔 ∙ 𝑚
2 (4.63) 
and the following values for apparatus 2 were estimated: 
𝑏422 =
𝑔 ∙ 𝑔𝑇
2𝐾422
=
0.03 ∙ 325
2 ∙ 0.558
= 8.74  
 𝑘𝑔 ∙ 𝑚2
𝑠
 (4.64) 
𝐽422 = 𝜏422 ∙ 𝑏422 = 0.34 ∙ 8.74 = 2.97  𝑘𝑔 ∙ 𝑚
2 (4.65) 
Simulation results for presented models are illustrated in Figure 4.22 for apparatus 1 
and 2.  
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Figure 4.22: Apparatus 1 and 2 response in comparison with model responses 
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4.4.2 Experimentation with the free-motion pivoted arm 
As the pivoted arm was fixed during previous experiments the upper part of the 
system was completely decoupled and had no influence to the modelling. From now 
on we are taking into account also this system part. 
 
Experiment 5 
 
During this experiment we were using only 𝑢1, while 𝑢2 = 0. In Figure 4.23 used 
input signal is presented which enables the observation of system’s responses in the 
whole operation range taking into account the jockey pulley speed and the arm 
inclination. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
Jockey Pulley Speed 
 
As we have seen in Section 3.3.2 the relation between the angular speed of the 
jockey pulley 𝜔 and the input torques 𝑇1 and 𝑇2 when the jockey pulley is assumed 
to be light and frictionless is as follows: 
𝜔(𝑠) =
1
2
∙
1
𝐽 ∙ 𝑠 + 𝑏
[𝑇1(s) + 𝑇2(s)] (3.71) 
 
Figure 4.23: Input 𝑢1 of experiment 5 
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We can express equation (3.71) in terms of input and output voltage signals. 
Combining equations (3.3-4) and (3.81) we have obtained the following equation. 
𝑦1(𝑠) =
𝑔
2
∙
𝑔𝜏
𝐽 ∙ 𝑠 + 𝑏
[𝑢1(𝑠) + 𝑢2(𝑠)] (4.66) 
Taking into account 𝑢2 = 0: 
𝐺51(𝑠) =
𝑦1(𝑠)
𝑢1(𝑠)
=
1
2
𝑔 ∙ 𝑔𝑇
𝐽5 ∙ 𝑠 + 𝑏5
=
𝑔 ∙ 𝑔𝑇
2 ∙ 𝑏5
𝐽5
𝑏5
∙ 𝑠 + 1
 (4.67) 
As in the experiments with the pivoted arm fixed the transfer function corresponds 
to the first order system: 
𝐺51(𝑠) =
𝐾5
𝜏5 ∙ 𝑠 + 1
 (4.68) 
where 𝐾5and 𝜏5 are: 
𝐾51 =
𝑔 ∙ 𝑔𝑇
2 ∙ 𝑏5
   
𝑟𝑎𝑑
𝑁 ∙ 𝑚 ∙ 𝑠
 (4.70) 
𝜏5 =
𝐽5
𝑏5
  𝑠 (4.71) 
The results of the angular speed with the pivoted arm free should be equal to 
situation with the pivoted arm fixed according to equations (4.69-71) and (4.31-32). 
  
We have realized five equal experiments in order to reduce the influence of 
disturbances. We have taken into account the average calculated responses. In 
Figure 4.24 the average outputs of both apparatuses are illustrated. 
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As can be seen in Figure 4.24 the responses of both apparatuses are of similar shape 
which is characteristic for the first order systems. In addition we have calculated 
the value of the gain 𝐾5 and time constant 𝜏5 of each section of both apparatuses. 
In Table 4.10 the results are presented. 
 
 
Table 4.10: Gain and time constant values of each section of both apparatuses 
 Apparatus 1 Apparatus 2 
𝒖𝟏[𝑽] 𝑲𝟓𝟏𝟏 [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝉𝟓𝟏  [𝒔] 𝑲𝟓𝟏𝟐 [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝉𝟓𝟐   [𝒔] 
1 0.008 - 0.008 - 
2 0.031 0.030 0.415 0.382 
3 0.615 0.268 0.533 0.342 
2 0.541 0.273 0.527 0.303 
1 0.110 - 0.423 0.195 
0 - - - - 
-1 0.001 - 0.006 - 
-2 0.110 0.072 0.441 0.398 
-3 0.638 0.220 0.361 0.261 
-2 0.588 0.279 0.358 0.400 
-1 0.17 - 0.443 0.205 
 
Figure 4.24: Apparatuses angular speed responses  
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We have observed that apparatus 1 has a dead-zone between ±1𝑉 because the 
responses in this range were very low and irregular. For apparatus 1 we have taken 
into account only system’s responses which were measured when input signals were 
inside the range between +2𝑉 to +3𝑉 or inside the operating range between −3𝑉 
to −2𝑉. The transfer function of apparatus 1 is: 
𝐺511(𝑠) =
0.6
0.26𝑠 + 1
 
2𝑉 ≤ 𝑢1 ≤ 3𝑉 or 
−3𝑉 ≤ 𝑢1 ≤ −2𝑉 
(4.71) 
For apparatus 2 we have taken into account only system’s response which were 
measured when input signals were inside the range between +1𝑉 to +3𝑉 or inside 
the operating range between −3𝑉 to −1𝑉. The transfer function for apparatus 2 is: 
𝐺511(𝑠) =
0.44
0.31𝑠 + 1
 
1𝑉 ≤ 𝑢1 ≤ 3𝑉 or 
−3𝑉 ≤ 𝑢1 ≤ −1𝑉 
(4.72) 
Combining equations (4.32-35) and taking into account the values of the constants 
𝑔 and 𝑔𝑇 we have found the values of the moment of inertia 𝐽5 and the rotational 
friction coefficient 𝑏5 for the apparatus 1: 
𝑏51 =
𝑔 ∙ 𝑔𝑇
2 ∙ 𝐾511
=
0.03 ∙ 300
2 ∙ 0,6
= 7.50 
 𝑘𝑔 ∙ 𝑚2
𝑠
 (4.73) 
𝐽51 = 𝜏51 ∙ 𝑏51 = 0.26 ∙ 7.50 = 1.95 𝑘𝑔 ∙ 𝑚
2 (4.74) 
For apparatus 2: 
𝑏52 =
𝑔 ∙ 𝑔𝑇
2 ∙ 𝐾52
=
0.03 ∙ 325
2 ∙ 0.44
= 11.08  
 𝑘𝑔 ∙ 𝑚2
𝑠
 (4.75) 
𝐽52 = 𝜏52 ∙ 𝑏52 = 0.31 ∙ 11.08 = 3.43  𝑘𝑔 ∙ 𝑚
2 (4.76) 
 
Simulated results for presented models are illustrated in Figure 4.25 for apparatus 
1 and in Figure 4.26 for apparatus 2.  
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Belt Tension 
 
According to Section 3.3.2 the relation between the inclination of the arm 𝜃 and the 
input torques 𝑇1, 𝑇2 is as follows: 
Figure 4.25: Input signal and apparatus 1 response in comparison to 
model response 
 
Figure 4.26: Input signal and apparatus 2 response in comparison to 
model response 
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𝜃(𝑠) =
1
𝐿
∙ [
2 ∙ 𝑘 ∙ 𝑟 ∙ cos 𝛼
2 · (𝑠2 ∙ 𝑚𝑎 + 𝑠 ∙ 𝑏𝑎 + 𝑘𝑎) − (2 · cos 𝛼)2 · 𝑘
] ∙
𝑇2(s) − 𝑇1(s)
𝐽 · 𝑠2 + 𝑏 · 𝑠 + 2 · 𝑟2 · 𝐾(𝑠)
 (3.78) 
where 𝐾(𝑠) is: 
𝐾(𝑠) = 𝑘 · (1 +
𝑠2 ∙ 𝑚𝑎 + 𝑠 ∙ 𝑏𝑎 + 𝑘𝑎
2 · (𝑠2 ∙ 𝑚𝑎 + 𝑠 ∙ 𝑏𝑎 + 𝑘𝑎) − (2 · cos 𝛼)2 · 𝑘
) (3.74) 
We can express equation (3.78) in terms of input and output voltage signal. 
Combining equations (3.3-4) and (3.82) we have obtained the following equation: 
𝑦2(𝑠) =
1
𝐿
∙ [
2 ∙ 𝑘 ∙ 𝑟 ∙ cos 𝛼 ∙ 𝑔𝜏 ∙ 𝑔2
2 · (𝑠2 ∙ 𝑚𝑎 + 𝑠 ∙ 𝑏𝑎 + 𝑘𝑎) − (2 · cos 𝛼)2 · 𝑘
] ∙
𝑢2(s) − 𝑢1(s)
𝐽 · 𝑠2 + 𝑏 · 𝑠 + 2 · 𝑟2 · 𝐾(𝑠)
 (4.77) 
We can rewrite equation (4.75) into the following form: 
𝑦2(𝑠) =
1
𝐿
∙ [
𝑘 ∙ 𝑟 ∙ √3 ∙ 𝑔𝜏 ∙ 𝑔2 ∙ [𝑢2(𝑠) − 𝑢1(𝑠)]
𝐽𝑚𝑎 · 𝑠4 + (𝐽𝑏𝑎 + 𝑏𝑚𝑎) · 𝑠3 + (𝐽𝑘𝑎 + 𝑏𝑏𝑎 + 3𝑟2𝑘𝑚𝑎 −
3
2 𝐽𝑘) ∙ 𝑠
2 + (𝑘𝑎𝑏 + 3𝑟2𝑘𝑏𝑎 −
3
2 𝑏𝑘) ∙ 𝑠 + 3𝑟
2𝑘(𝑘𝑎 − 𝑘)
] (4.78) 
Taking into account that  𝑢2 = 0 we can rewrite equation (4.78) in terms 
of transfer function as follows: 
𝑦2(𝑠)
𝑢1(𝑠)
=
1
𝐿
∙ [
−𝑘 ∙ 𝑟 ∙ √3 ∙ 𝑔𝜏 ∙ 𝑔2
𝐽𝑚𝑎 · 𝑠4 + (𝐽𝑏𝑎 + 𝑏𝑚𝑎) · 𝑠3 + (𝐽𝑘𝑎 + 𝑏𝑏𝑎 + 3𝑟2𝑘𝑚𝑎 −
3
2 𝐽𝑘) ∙ 𝑠
2 + (𝑘𝑎𝑏 + 3𝑟2𝑘𝑏𝑎 −
3
2 𝑏𝑘) ∙ 𝑠 + 3𝑟
2𝑘(𝑘𝑎 − 𝑘)
] (4.79) 
This is the fourth order transfer function. 
 
Again five equal experiments were realized and average responses were calculated. 
In Figure 4.27 the average outputs of both apparatuses are illustrated. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Figure 4.27: Response of the deflection of the arm of both apparatuses 
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The responses shown in Figure 4.27 are of similar shape which is characteristic for 
the second order system. The second order system is frequently expressed in the 
following form: 
𝐺(𝑠) =
𝐾 ∙ 𝜔𝑛
2
𝑠2 + 2𝜉𝜔𝑛𝑠 + 𝜔𝑛2
 (4.80) 
𝐾 is the gain and is the ratio between the steady state value of the response and the 
initial value of the input. 
𝐾 =
𝑦∞
𝑢
 (4.81) 
Dimensionless parameter 𝜉 is known as damping ratio and can be estimated as [4]: 
𝜉 = √
𝑙𝑛 (
𝑦𝑚𝑎𝑥 − 𝑦∞
𝑦∞
)
2
𝑙𝑛 (
𝑦𝑚𝑎𝑥 − 𝑦∞
𝑦∞
)
2
+ 𝜋2
 (4.82) 
𝜔𝑛, is called undamped natural frequency and has units of radians per second 
[𝑟𝑎𝑑/𝑠] and can be calculated as [4]: 
𝜔𝑛 =
2𝜋
𝑇𝑑 ∙ √1 − 𝜉2
 (4.81) 
𝑦𝑚𝑎𝑥 [𝑉] is the highest value of the response 
𝑦∞ [𝑉] is the final value 
𝑇𝑑 [𝑠] is the period of the oscillation 
 
As can be seen in Figure 4.27 the response of both apparatus are similar. This is 
because the force done by the belt on the arm is not the same. It can be observed 
that the response of apparatus 1 is more oscilatory. The reason is in corresponding 
belt realization. In addition we have calculated the value of the gain  𝐾5, the 
damping ratio 𝜉5 and the undamped natural frequency 𝜔𝑛5. In table 4.11 the results 
are presented. 
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Table 4.11: Gain, damping ratio and undamped natural frequency values of both apparatuses 
 Apparatus 1 Apparatus 2 
𝒖𝟏 [𝑽] 𝑲𝟓𝟐𝟏  [
𝒓𝒂𝒅
𝑵 ∙ 𝒎
] 𝝃𝟓𝟏 𝝎𝒏𝟓𝟏  [
𝒓𝒂𝒅
𝒔
] 𝑲𝟓𝟐𝟐  [
𝒓𝒂𝒅
𝑵 ∙ 𝒎
] 𝝃𝟓𝟐 𝝎𝒏𝟓𝟐  [
𝒓𝒂𝒅
𝒔
] 
1 -0.443 0.141 30.222 -0.667 0.041 31.442 
2 -0.729 0.035 26.196 -0.523 0.104 28.716 
3 -0.622 0.059 27.366 -0.490 - - 
2 -0.597 0.053 27.357 -0.460 0.049 31.453 
1 -0.433 0.275 29.707 -0.519 0.109 30.099 
0 - - - - - - 
-1 -0.633 0.192 30.490 -0.693 0.063 31.479 
-2 -0.666 0.116 26.359 -0.796 0.022 29.927 
-3 -0.764 0.032 26.193 -0.442 - - 
-2 -0.723 0.095 26.298 -0.400 0.068 34.987 
-1 -0.573 0.183 31.953 -0.803 0.155 30.287 
 
For apparatus 1 we have taken into account only system’s responses which were 
measured when input signals were inside the range between +2𝑉 to +3𝑉 or inside 
the operating range between −3𝑉 to −2𝑉. The transfer function of apparatus 1 is: 
𝐺521(𝑠) =
−493
𝑠2 + 3.24𝑠 + 729
 
2𝑉 ≤ 𝑢1 ≤ 3𝑉 or 
−3𝑉 ≤ 𝑢1 ≤ −2𝑉 
(4.84) 
For apparatus 2 we have taken into account only system’s responses which were 
measured when input signals were inside the range between +1𝑉 to +3𝑉 or inside 
the operating range between −3𝑉 to −1𝑉. The transfer function is as follows: 
𝐺523(𝑠) =
−533
𝑠2 + 5.208𝑠 + 961
 
1𝑉 ≤ 𝑢1 ≤ 3𝑉 or 
−3𝑉 ≤ 𝑢1 ≤ −1𝑉 
(4.85) 
Simulated results for presented models are illustrated in Figure 4.28 for apparatus 
1 and in Figure 4.29 for apparatus 2. Signals in Figures 4.28 and 4.29 are presented 
in the surrounding of chosen working points from the experiment shown in Figure 
4.27. 
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Figure 4.28: Apparatus 1 response in comparison to model response 
(upper figure: input signal 𝑢1 is positive, bottom figure: input signal 𝑢1 
is negative)  
Figure 4.29: Apparatus 2 response in comparison to model response 
(upper figure: input signal 𝑢1 is positive, bottom figure: input signal 𝑢1 
is negative)  
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Experiment 6 
In experiment 6 we have realized the same way as experiment 5 only with the signal 
𝑢2 instead with 𝑢1.The input signal is shown in Figure 4.30. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Jockey Pulley Speed 
 
The transfer function that expresses the relation between the input and the output 
signals is: 
𝐺61(𝑠) =
𝑦1(𝑠)
𝑢2(𝑠)
=
1
2
𝑔 ∙ 𝑔𝑇
𝐽6 ∙ 𝑠 + 𝑏6
=
𝑔 ∙ 𝑔𝑇
2 ∙ 𝑏
𝐽6
𝑏6
∙ 𝑠 + 1
 (4.86) 
As in the experimentation with the pivoted arm fixed, the transfer function 
corresponds to the first order system: 
𝐺61(𝑠) =
𝐾61
𝜏6 ∙ 𝑠 + 1
 (4.88) 
where 𝐾6 and 𝜏6 are: 
𝐾61 =
𝑔 ∙ 𝑔𝑇
2 ∙ 𝑏6
  
𝑟𝑎𝑑
𝑁 ∙ 𝑚 ∙ 𝑠
 (4.89) 
 
 
 
Figure 4.30: Input 𝑢2 of experiment 6 
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𝜏6 =
𝐽6
𝑏6
  𝑠 (4.90) 
Five equal experiments were realized and average calculated responses were taken 
into account. In Figure 4.31 the average outputs of both pilot plants are illustrated. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
As can be seen in Figure 4.31 the responses of both apparatus are of similar shape 
which is characteristic for the first order systems. In addition we have calculated 
the value of the gain 𝐾6 and time constant 𝜏6 of each section for both systems. In 
Table 4.12 the results are presented. 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.31: Apparatuses responses 
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Table 4.12: Gain and time constant of each section of both apparatuses  
 Apparatus 1 Apparatus 2 
𝒖𝟐[𝑽] 𝑲𝟔𝟏𝟏 [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝉𝟔𝟏  [𝒔] 𝑲𝟔𝟏𝟐 [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝉𝟔𝟐   [𝒔] 
1 0.001 - 0.001 - 
2 0.110 0.,110 0.386 0.440 
3 0.615 0.262 0.322 0.441 
2 0.573 0.285 0.281 0.48 
1 0.151 0.095 0.427 0.200 
0 - - - - 
-1 0.001 - 0.001 - 
-2 0.132 0.090 0.408 0.385 
-3 0.568 0.254 0.516 0.459 
-2 0.501 0.283 0.485 0.365 
-1 0.199 0.1 0.439 0.220 
 
We have observed that apparatus 1 has a dead-zone between ±1𝑉 because the 
responses in this range were very low and irregular. For apparatus 1 we have taken 
into account only system’s responses which were measured when input signals were 
inside the range between +2𝑉 to +3𝑉 or inside the operating range between −3𝑉 
to −2𝑉. The transfer function of apparatus 1 is: 
𝐺611(𝑠) =
0.564
0.27𝑠 + 1
 
2𝑉 ≤ 𝑢1 ≤ 3𝑉 or 
−3𝑉 ≤ 𝑢1 ≤ −2𝑉 
(4.90) 
Apparatus 2 we have taken into account only system’s response which were 
measured when input signals were inside the range between +1𝑉 to +3𝑉 or inside 
the operating range between −3𝑉 to −1𝑉. The transfer function for apparatus 2 is: 
𝐺611(𝑠) =
0.357
0.37𝑠 + 1
 
1𝑉 ≤ 𝑢1 ≤ 3𝑉 or 
−3𝑉 ≤ 𝑢1 ≤ −1𝑉 
(4.91) 
Combining equations (4.88-91) and taking into account the values of the constants 
𝑔 and 𝑔𝑇 we have found the values of the moment of inertia 𝐽6 and the rotational 
friction coefficient 𝑏6 for apparatus 1: 
𝑏61 =
𝑔 ∙ 𝑔𝑇
2 ∙ 𝐾611
=
0.03 ∙ 300
2 ∙ 0.564
= 7.98  
 𝑘𝑔 ∙ 𝑚2
𝑠
  (4.92) 
𝐽61 = 𝜏61 ∙ 𝑏61 = 0.27 ∙ 7.98 = 2.15 𝑘𝑔 ∙ 𝑚
2 (4.92) 
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and for apparatus 2: 
𝑏62 =
𝑔 ∙ 𝑔𝑇
2 ∙ 𝐾622
=
0.03 ∙ 325
2 ∙ 0.357
= 13,66  
 𝑘𝑔 ∙ 𝑚2
𝑠
 (4.93) 
𝐽62 = 𝜏62 ∙ 𝑏62 = 0.37 ∙ 13.66 = 5.05  𝑘𝑔 ∙ 𝑚
2 (4.94) 
Simulated results for presented models are illustrated in Figure 4.32 for apparatus 
1 and in Figure 4.33 for apparatus 2.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.32: Apparatus1 response in comparison with model 
response 
Figure 4.33: Apparatus 2 response in comparison with model 
response 
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Belt Tension 
 
 
The transfer function that relates the relation between the input and the output 
singals is: 
𝑦2(𝑠)
𝑢2(𝑠)
=
1
𝐿
∙ [
𝑘 ∙ 𝑟 ∙ √3 ∙ 𝑔𝑇 ∙ 𝑔2
𝐽𝑚𝑎 · 𝑠4 + (𝐽𝑏𝑎 + 𝑏𝑚𝑎) · 𝑠3 + (𝐽𝑘𝑎 + 𝑏𝑏𝑎 + 3𝑟2𝑘𝑚𝑎 −
3
2 𝐽𝑘) ∙ 𝑠
2 + (𝑘𝑎𝑏 + 3𝑟2𝑘𝑏𝑎 −
3
2 𝑏𝑘) ∙ 𝑠 + 3𝑟
2𝑘(𝑘𝑎 − 𝑘)
] (4.96) 
However, we have apromixated equation (4.94) with the second order description 
expressed in the following terms: 
𝐺62(𝑠) =
𝐾62 ∙ 𝜔𝑛2
2
𝑠2 + 2𝜉2𝜔𝑛2𝑠 + 𝜔𝑛2
2
 (4.97) 
 
Five  equal experiments have been realized and average responses are presented in 
Figure 4.34.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
As can be seen in Figure 4.34 the responses of both apparatus are similar. In 
addition we have calculated the value of the gain  𝐾62, the damping ratio 𝜉6 and the 
undamped natural frequency 𝜔𝑛6 as presented in Table 4.13.  
 
Figure 4.34: Response of the deflection of the arm of both apparatuses 
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Table 4.13: Gain, damping ratio and undamped natural frequency values for both apparatuses 
 Apparatus 1 Apparatus 2 
𝒖𝟐 [𝑽] 𝑲𝟓𝟐𝟏  [
𝒓𝒂𝒅
𝑵 ∙ 𝒎
] 𝝃𝟓𝟏 𝝎𝒏𝟓𝟏  [
𝒓𝒂𝒅
𝒔
] 𝑲𝟓𝟐𝟐  [
𝒓𝒂𝒅
𝑵 ∙ 𝒎
] 𝝃𝟓𝟐 𝝎𝒏𝟓𝟐  [
𝒓𝒂𝒅
𝒔
] 
1 -0.403 0.371 42.288 -0.556 0.049 37.004 
2 -0.653 0.020 26.185 -0.690 0.153 37.401 
3 -0.316 0.016 26.274 -0.317 - - 
2 -0.323 0.030 27.144 -0.303 0.204 37.757 
1 -0.317 0.003 29.920 -0.751 0.102 30.078 
0 - - - - - - 
-1 -0.601 0.348 37.232 -0.583 0.055 33.119 
-2 -0.530 0.049 26.211 -0.252 0.012 31.418 
-3 -0.212 0.058 29.310 -0.363 - - 
-2 -0.219 0.036 28.182 -0.334 0.043 29.947 
-1 -0.272 0.022 28.567 -0.260 0.184 30.441 
 
For apparatus 1 we have taken into account the system's response when the input  
signal were inside the range between +2𝑉 to +3𝑉 or inside the operating range 
between −3𝑉 to −2𝑉. The transfer function of apparatus 1 is: 
𝐺521(𝑠) =
−219
𝑠2 + 5.43𝑠 + 729
 
2𝑉 ≤ 𝑢1 ≤ 3𝑉 or 
−3𝑉 ≤ 𝑢1 ≤ −2𝑉 
(4.98) 
For apparatus 2 we have taken into account only system’s responses which were 
measured when input signals were inside the range between +1𝑉 to +3𝑉 or inside 
the operating range between −3𝑉 to −1𝑉. The transfer function is as follows: 
𝐺523(𝑠) =
−457
𝑠2 + 7.488𝑠 + 1024
 
1𝑉 ≤ 𝑢1 ≤ 3𝑉 or 
−3𝑉 ≤ 𝑢1 ≤ −1𝑉 
(4.99) 
Simulated results for presented models are illustrated in Figure 4.35 for apparatus 
1 and in Figure 4.36 for apparatus 2. 
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Figure 4.35: Apparatus 1 response in comparison to model response 
(upper figure: input signal 𝑢1 is positive, bottom figure: input signal 𝑢1 
is negative)  
Figure 4.36: Apparatus 2 response in comparison to model response 
(upper figure: input signal 𝑢1 is positive, bottom figure: input signal 𝑢1 
is negative)  
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Experiment 7 
In experiment 7 we have taken into account the free-motion pivoted arm with motor 
1 connected to different input signals and motor 2 to 2V. In Figure 4.37 used input 
signals are presented. The rotation of motors was realized in both directions. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Jockey Pulley Speed 
 
Defined transfer function is in this case the following: 
𝐺71(𝑠) =
𝑦1(𝑠)
𝑢𝑠1(𝑠)
=
1
2
𝑔 ∙ 𝑔𝑇
𝐽7 ∙ 𝑠 + 𝑏7
=
𝑔 ∙ 𝑔𝑇
2 ∙ 𝑏7
𝐽7
𝑏7
∙ 𝑠 + 1
 (4.100) 
As in the experimentation with the pivoted arm fixed, the transfer function 
corresponds to the first order system: 
𝐺71(𝑠) =
𝐾71
𝜏7 ∙ 𝑠 + 1
 (4.101) 
where 𝐾71 and 𝜏7 are: 
𝐾71 =
𝑔 ∙ 𝑔𝑇
2 ∙ 𝑏7
  
𝑟𝑎𝑑
𝑁 ∙ 𝑚 ∙ 𝑠
 (4.102) 
𝜏7 =
𝐽7
𝑏7
  𝑠 (4.103) 
 
Figure 3.37: Input signals of experiment 7 (upper: for positive 
input voltage signals, bottom: for negative input voltage signals) 
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We have realized five equal experiments in order to reduce the influence of 
disturbances. We have taken into account the average calculated responses. In 
Figure 4.38 the average outputs of both apparatuses are illustrated. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
As can be seen in Figure 4.38 the responses of both apparatuses are of similar shape 
which is characteristic for the first order systems. In addition we have calculated 
the value of the gain 𝐾71 and time constant 𝜏7 of each section of operating range 
for both apparatuses. In Table 4.14 the results are presented. 
 
Table 4.14: Gain and time constant of each section of both apparatus 
  Apparatus 1 Apparatus 2 
𝒖𝟏 [𝑽] 𝒖𝟐 [𝑽] 𝑲𝟕𝟏𝟏 [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝉𝟕𝟏  [𝒔] 𝑲𝟕𝟏𝟐  [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝉𝟕𝟐  [𝒔] 
2.5 2 0.511 0.277 0.526 0.250 
3 2 0.473 0.264 0.554 0.284 
2.5 2 0.506 0.286 0.534 0.308 
2 2 0.464 0.280 0.504 0.280 
-2.5 -2 0.511 0.291 0.568 0.265 
-3 -2 0.567 0.279 0.541 0.275 
-2.5 -2 0.525 0.303 0.530 0.275 
-2 -2 0.506 0.292 0.513 0.268 
 
 
Figure 4.38: Apparatuses responses (upper: for positive input voltage 
signals, bottom: for negative input voltage signals) 
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The transfer function of apparatus 1 is: 
𝐺711(𝑠) =
0.508
0.28𝑠 + 1
 (4.104) 
and for apparatus 2: 
𝐺712(𝑠) =
0.534
0.28𝑠 + 1
 (4.105) 
Simulated results for presented models are illustrated in Figure 4.39 for apparatus 
1 and in Figure 4.40 for apparatus 2.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.39: Apparatus 1 response in comparison with model response 
(upper: for positive input voltages signals, bottom: for negative input 
voltage signals) 
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Belt Tension 
The transfer function that relates the relation between the input and output signals 
is: 
𝑦2(𝑠)
𝑢𝑠2(𝑠)
=
1
𝐿
∙ [
𝑘 ∙ 𝑟 ∙ √3 ∙ 𝑔𝑇 ∙ 𝑔2
𝐽𝑚𝑎 · 𝑠4 + (𝐽𝑏𝑎 + 𝑏𝑚𝑎) · 𝑠3 + (𝐽𝑘𝑎 + 𝑏𝑏𝑎 + 3𝑟2𝑘𝑚𝑎 −
3
2 𝐽𝑘) ∙ 𝑠
2 + (𝑘𝑎𝑏 + 3𝑟2𝑘𝑏𝑎 −
3
2 𝑏𝑘) ∙ 𝑠 + 3𝑟
2𝑘(𝑘𝑎 − 𝑘)
] (4.106) 
where 𝑢𝑠2(𝑠) = 𝑢2(𝑠) − 𝑢1(𝑠). 
However, we have apromixated equation (4.102) with a second order expressed in 
the following terms: 
𝐺72(𝑠) =
𝐾72 ∙ 𝜔𝑛7
2
𝑠2 + 2𝜉7𝜔𝑛7𝑠 + 𝜔𝑛7
2
 (4.107) 
Five  equal experiments were realized. The average responses are presented in 
Figures 4.41 and 4.42. 
Figure 4.40: Apparatus 2 response in comparison to model response 
(upper: for positive input voltage signals, bottom: for negative input 
voltage signals) 
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In addition we have calculated the value of the gain  𝐾72, the damping ratio 𝜉7 and 
the undamped natural frequency 𝜔𝑛7, the results are presented in Table 4.15. 
 
 
Figure 4.41: Apparatus 1 arm deflection response (upper: for 
positive input voltage signals, bottom: negative input voltage 
signals) 
 
Figure 4.42: Apparatus 2 arm deflection response (upper: for 
positive input voltage signals, bottom: negative input voltage 
signals) 
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Table 4.15: Gain, damping ratio and undamped natural frequency values for both apparatuses 
  Apparatus 1 Apparatus 2 
𝒖𝟏  [𝑽] 𝒖𝟐 [𝑽] 𝑲𝟕𝟐𝟏 [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝃𝟕𝟏  
𝝎𝒏𝟕𝟏  [
𝒓𝒂𝒅
𝒔
] 𝑲𝟕𝟐𝟐  [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝃𝟕𝟐  𝝎𝒏𝟕𝟐  [
𝒓𝒂𝒅
𝒔
] 
2.5 2 -0.554 0.084 26.272 -0.389 0.157 39.763 
3 2 -0.524 0.081 27.407 -0.377 0.137 39.646 
2.5 2 -0.449 0.065 28.620 -0.355 0.162 39.793 
2 2 -0.630 0.002 27.318 -0.393 0.135 39.634 
-2 -2 -0.588 0.091 27.432 -0.485 0.085 37.093 
-2.5 -2 -0.541 0.022 28.567 -0.715 0.091 35.051 
-3 -2 -0.493 0.034 28.576 -0.700 0.151 35.314 
-2.5 -2 -0.535 0.056 28.606 -0.514 0.149 39.712 
 
The transfer function of apparatus 1 is: 
𝐺721(𝑠) =
−423
𝑠2 + 3𝑠 + 784
 (4.108) 
And for apparatus 2 
𝐺722(𝑠) =
−709
𝑠2 + 10.11𝑠 + 1444
 (4.109) 
Simulated results for presented models are illustrated in Figure 4.43 for apparatus 
1 and in Figure 4.44 for apparatus 2.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.43: Apparatus 1 response in comparison with model response 
(upper: for positive input voltage signals, bottom: for negative input 
voltage signals. 
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Experiment 8 
In experiment 8 we have taken into account the free-motion pivoted arm with motor 
2 connected to different input signals and motor 1 to 2V. In Figure 4.45 used input 
signals are presented.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.44: Apparatus 2 response in comparison with model response 
(upper: for positive input voltage signals, bottom: for negative input 
voltage signals. 
Figure 4.47: Input signals of experiment 8 (upper: for positive 
input voltage signals, bottom: for negative input voltage signals) 
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The transfer function that expresses the relation between the input and the output 
signals is: 
𝐺81(𝑠) =
𝑦1(𝑠)
𝑢𝑠1(𝑠)
=
1
2
𝑔 ∙ 𝑔𝑇
𝐽8 ∙ 𝑠 + 𝑏8
=
𝑔 ∙ 𝑔𝑇
2 ∙ 𝑏8
𝐽8
𝑏8
∙ 𝑠 + 1
 (4.110) 
As in the experimentation with the pivoted arm fixed, the transfer function 
corresponds to the first order system: 
𝐺81(𝑠) =
𝐾81
𝜏8 ∙ 𝑠 + 1
 (4.111) 
where 𝐾81 and 𝜏8 are: 
𝐾81 =
𝑔 ∙ 𝑔𝑇
2 ∙ 𝑏8
   
𝑟𝑎𝑑
𝑁 ∙ 𝑚 ∙ 𝑠
 (4.112) 
𝜏8 =
𝐽8
𝑏8
  𝑠 (4.113) 
We have realized five equal experiments and calculated average responses are 
shown in Figure 4.48. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.48: Apparatuses responses (upper: for positive input 
voltage signals, bottom: for negative input voltage signals) 
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As can be seen in Figure 4.48 the responses of both apparatus are of similar shape 
which is characteristic for the first order systems. In addition we have calculated 
the value of the gain 𝐾81 and time constant 𝜏8 of each section of both apparatuses. 
In Table 4.16 the results are presented. 
 
Table 4.16: Gain and time constant values of each section of both apparatuses 
  Apparatus 1 Apparatus 2 
𝒖𝟐 [𝑽] 𝒖𝟏 [𝑽] 𝑲𝟖𝟏𝟏 [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝉𝟖𝟏  [𝒔] 𝑲𝟖𝟏𝟐  [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝉𝟖𝟐  [𝒔] 
2.5 2 0.502 0.274 0.556 0.276 
3 2 0.549 0.278 0.556 0.300 
2.5 2 0.544 0.297 0.552 0.290 
2 2 0.485 0.286 0.530 0.292 
-2.5 -2 0.484 0.277 0.525 0.275 
-3 -2 0.471 0.284 0.523 0.305 
-2.5 -2 0.485 0.290 0.509 0.307 
-2 -2 0.471 0.315 0.505 0.302 
 
Taking into account the average values presented in Table 4.16 the transfer function 
of apparatus 1 is: 
𝐺811(𝑠) =
0.5
0.29𝑠 + 1
 (4.114) 
and for apparatus 2: 
𝐺812(𝑠) =
0.532
0.29𝑠 + 1
 (4.115) 
Simulated results for presented models are illustrated in Figure 4.49 for apparatus 
1 and in Figure 4.50 for apparatus 2.  
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Figure 4.49: Apparatus 1 response in comparison with model response 
(upper: for positive input voltages signals, bottom: for negative input 
voltage signals) 
 
 
Figure 4.50: Apparatus 2 response in comparison with model response 
(upper: for positive input voltages signals, bottom: for negative input 
voltage signals) 
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Belt Tension 
 
The transfer function that relates the relation between the input and output signals is: 
𝑦2(𝑠)
𝑢𝑠2(𝑠)
=
1
𝐿
∙ [
𝑘 ∙ 𝑟 ∙ √3 ∙ 𝑔𝑇 ∙ 𝑔2
𝐽𝑚𝑎 · 𝑠4 + (𝐽𝑏𝑎 + 𝑏𝑚𝑎) · 𝑠3 + (𝐽𝑘𝑎 + 𝑏𝑏𝑎 + 3𝑟2𝑘𝑚𝑎 −
3
2 𝐽𝑘) ∙ 𝑠
2 + (𝑘𝑎𝑏 + 3𝑟2𝑘𝑏𝑎 −
3
2 𝑏𝑘) ∙ 𝑠 + 3𝑟
2𝑘(𝑘𝑎 − 𝑘)
] (4.112) 
where 𝑢𝑠2(𝑠) = 𝑢2(𝑠) − 𝑢1(𝑠). 
However, we have apromixated equation (4.102) with a second order expressed in 
the following terms: 
𝐺82(𝑠) =
𝐾82 ∙ 𝜔𝑛8
2
𝑠2 + 2𝜉8𝜔𝑛8𝑠 + 𝜔𝑛8
2
 (4.113) 
Five equal experiments were realized. The average calculated responses are 
presented in Figures 4.51 and 4.52 the average outputs of both apparatus are 
illustrated. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.51: Apparatus 1 arm deflection response (upper: for 
positive input voltage signals, bottom: negative input voltage 
signals) 
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In addition we have calculated the value of the gain  𝐾82, the damping ratio 𝜉8 and 
the undamped natural frequency 𝜔𝑛8. The results are presented in Table 4.17. 
 
Table 4.17: Gain, damping ratio and undamped natural frequency values for both apparatuses 
  Apparatus 1 Apparatus 2 
𝒖𝟐  [𝑽] 𝒖𝟏 [𝑽] 𝑲𝟖𝟐𝟏 [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝃𝟖𝟏 𝝎𝒏𝟖𝟏  [
𝒓𝒂𝒅
𝒔
] 𝑲𝟖𝟐𝟐  [
𝒓𝒂𝒅
𝑵 ∙ 𝒎 ∙ 𝒔
] 𝝃𝟖𝟐 𝝎𝒏𝟖𝟐  [
𝒓𝒂𝒅
𝒔
] 
2.5 2 -0.300 0.257 27.088 -0.426 0.061 34971 
3 2 -0.385 0.203 27.899 -0.481 0.089 37.108 
2.5 2 -0.375 0.118 26.365 -0.445 0.125 37.250 
2 2 -0.326 0.238 28.123 -0.462 0.164 37.468 
-2.5 -2 -0.361 0.221 26.845 -0.367 0.156 37.418 
-3 -2 -0.272 0.274 25.131 -0.274 0.108 39.502 
-2.5 -2 -0.242 0.313 25.447 -0.285 0.092 37.118 
-2 -2 -0.389 0.096 23.380 -0.373 0.088 37.104 
 
Taking into account the average values presented in Table 4.17 the transfer function 
of apparatus 1 is: 
𝐺821(𝑠) =
−224
𝑠2 + 11.2𝑠 + 676
 (4.118) 
and for apparatus 2: 
Figure 4.52: Apparatus 2 arm deflection response (upper: for 
positive input voltage signals, bottom: negative input voltage 
signals) 
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𝐺822(𝑠) =
−533
𝑠2 + 8.14𝑠 + 1369
 (4.119) 
Simulated results for presented models are illustrated in Figure 4.53 for apparatus 1 
and in Figure 4.54 for apparatus 2.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.53: Apparatus 1 arm deflection response (upper: for 
positive input voltage signals, bottom: negative input voltage 
signals) 
 
Figure 4.54: Apparatus 2 arm deflection response (upper: for 
positive input voltage signals, bottom: negative input voltage 
signals) 
 
86 4. Experimentation 
 
4.4.3 Summary 
Experimentation No. 1:  Both motors conected to the same input signal 𝑢1 = 𝑢2 
and upper pulley locked 
 
 
 
 
 
 
where 𝑡 is 1 if we are refering to angular speed and 2 to arm inclination and 𝑦 denotes 
the number of apparatus. 
𝐺11𝑦(𝑠) =
𝐾𝑦
𝜏𝑦𝑠 + 1
 
Apparatus 1 Apparatus 2 
1𝑉 ≤ 𝑢1 = 𝑢2 ≤ 2𝑉 or −2𝑉 ≤ 𝑢1 = 𝑢2 ≤ −1𝑉: 
𝐾1 = 0.576  𝐾2 = 0.603 
𝜏1=0.237 𝜏2 = 0.314 
2𝑉 ≤ 𝑢1 = 𝑢2 ≤ 5𝑉 or −5𝑉 ≤ 𝑢1 = 𝑢2 ≤ −2𝑉: 
𝐾1 = 0.498 𝐾2 = 0.506 
𝜏1=0.25 𝜏2 = 0.311 
 
Experimentation No. 2:  Input signal 𝑢1while 𝑢2 = 0 and upper pulley locked 
 
 
 
 
𝐺21𝑦(𝑠) =
𝐾𝑦
𝜏𝑦𝑠 + 1
 
Apparatus 1 Apparatus 2 
 
𝐾1 = 0.597 𝐾2 = 0.358 
𝜏1=0.26 𝜏2 = 0.38 
 
 
 
 
𝐺21𝑦(𝑠) 
𝑢1 
𝑦1 
+ 
𝐺1𝑡𝑦(𝑠) 
𝑢1 
𝑢2 
𝑦1 𝑢𝑠1 
4. Experimentation 87 
 
 
 
Experimentation No. 3:  Input signal 𝑢2 while 𝑢1 = 0 and upper pulley locked 
 
 
 
 
𝐺31𝑦(𝑠) =
𝐾𝑦
𝜏𝑦𝑠 + 1
 
Apparatus 1 Apparatus 2 
 
𝐾1 = 0.555 𝐾2 = 0.382 
𝜏1=0.23 𝜏2 = 0.42 
 
Experimentation No. 4:  Both motors connected to different input signals 𝑢1 ≠ 0, 
𝑢2 ≠ 0 and upper pulley locked.  
 
 
 
 
 
 
𝐺41𝑦(𝑠) =
𝐾𝑦
𝜏𝑦𝑠 + 1
 
 
Apparatus 1 Apparatus 2 
0𝑉 ≤ 𝑢1 ≤ 2𝑉 and  0𝑉 ≤ 𝑢2 ≤ 2𝑉: 
𝐾1 = 0.430 𝐾2 = 0.636 
𝜏1=0.3 𝜏2 = 0.3 
2𝑉 ≤ 𝑢1 ≤ 3.5𝑉 and  𝑢2 = 2𝑉: 
𝐾1 = 0.533 𝐾2 = 0.558 
𝜏1=0.27 𝜏2 = 0.34 
 
 
 
𝐺31𝑦(𝑠) 
𝑢𝑚2 
𝑦1 
+ 
𝐺41𝑦(𝑠) 
𝑢1 
𝑢2 
𝑦1 𝑢𝑠1 
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Experimentation No. 5:   Input signal 𝑢1while 𝑢2 = 0 and upper pulley free 
 
 
 
 
 
 
 
 
𝐺51𝑦(𝑠) =
𝐾1𝑦
𝜏𝑦𝑠 + 1
 𝐺52𝑦(𝑠) =
𝐾2𝑦 ∙ 𝜔𝑛𝑦
2
𝑠2 + 2𝜉
𝑦
𝜔𝑛𝑦𝑠 + 𝜔𝑛𝑦
2
 
 
Apparatus 1 Apparatus 2 
 
𝐾11 = 0.6 𝐾12 = 0.44 
𝜏1=0.26 𝜏2 = 0.31 
 
𝐾21 = −0.676 𝐾22 = −0.555 
𝜉1=0.06 𝜉2 = 0.084 
𝜔𝑛1 =27 𝜔𝑛2 = 31 
 
Experimentation No. 6:  Input signal 𝑢2while 𝑢1 = 0 and upper pulley free 
 
 
 
 
 
 
 
𝐺61𝑦(𝑠) =
𝐾1𝑦
𝜏𝑦𝑠 + 1
 𝐺62𝑦(𝑠) =
𝐾2𝑦 ∙ 𝜔𝑛𝑦
2
𝑠2 + 2𝜉
𝑦
𝜔𝑛𝑦𝑠 + 𝜔𝑛𝑦
2
 
Apparatus 1 Apparatus 2 
 
𝐾11 = 0.564 𝐾12 = 0.357 
𝜏1=0.27 𝜏2 = 0.37 
𝐺51𝑦(𝑠) 
𝑢1 
𝑦1 
𝐺52𝑦(𝑠) 
−𝑢1 
𝑦2 
𝐺61𝑦(𝑠) 
𝑢𝑚2 
𝑦1 
𝐺62𝑦(𝑠) 
𝑢𝑚2 
𝑦2 
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𝐾21 = −0.3 𝐾22 = −0.446 
𝜉1=0.1 𝜉2 = 0.117 
𝜔𝑛1 =27 𝜔𝑛2 = 32 
 
Experimentation 7:  Input signal 𝑢1 ≠ 0 while 𝑢2 = 2𝑉 and upper pulley free 
 
 
 
 
 
 
 
 
𝐺71𝑦(𝑠) =
𝐾1𝑦
𝜏𝑦𝑠 + 1
 𝐺72𝑦(𝑠) =
𝐾2𝑦 ∙ 𝜔𝑛𝑦
2
𝑠2 + 2𝜉
𝑦
𝜔𝑛𝑦𝑠 + 𝜔𝑛𝑦
2
 
Apparatus 1 Apparatus 2 
 
𝐾11 = 0.508 𝐾12 = 0.534 
𝜏1=0.28 𝜏2 = 0.28 
 
𝐾21 = −0.540 𝐾22 = −0.491 
𝜉1=0.054 𝜉2 = 0.133 
𝜔𝑛1 =28 𝜔𝑛2 = 38 
 
Experimentation 8:  Input signal 𝑢2 ≠ 0 while 𝑢1 = 2𝑉 and upper pulley free 
 
 
 
 
 
 
 
 
𝐺81𝑦(𝑠) =
𝐾1𝑦
𝜏𝑦𝑠 + 1
 𝐺82𝑦(𝑠) =
𝐾2𝑦 ∙ 𝜔𝑛𝑦
2
𝑠2 + 2𝜉
𝑦
𝜔𝑛𝑦𝑠 + 𝜔𝑛𝑦
2
 
+ 
𝐺71𝑦(𝑠) 
𝑢𝑚1 
𝑢𝑚2 
𝑦1 
𝐺72𝑦(𝑠) 
𝑦2 
- 
+ 
𝐺81𝑦(𝑠) 
𝑢𝑚1 
𝑢𝑚2 
𝑦1 
𝐺82𝑦(𝑠) 
𝑦2 
- 
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Apparatus 1 Apparatus 2 
 
𝐾11 = 0.5 𝐾12 = 0.532 
𝜏1=0.29 𝜏2 = 0.29 
 
𝐾21 = −0.331 𝐾22 = −0.389 
𝜉1=0.215 𝜉2 = 0.11 
𝜔𝑛1 =26 𝜔𝑛2 = 37 
 
We can see that the gain and time constants values are very similar when the input 
signal is inside the range between +2𝑉 to +5𝑉 or inside the operating range between 
−5𝑉 to −2𝑉  value. If we take into account only system's responses which are 
measured when the input signals are inside these ranges we can obtain a model for 
all the experiments for the angular speed and for the arm inclination. The transfer 
function of both outputs for apparatus 1 are: 
𝐺11(𝑠) =
0.546
0.26𝑠 + 1
 (4.120) 
𝐺21(𝑠) =
−335
𝑠2 + 5.78𝑠 + 729
 
(4.121) 
and for apparatus 2: 
𝐺12(𝑠) =
0.524
0.29𝑠 + 1
 (4.122) 
𝐺22(𝑠) =
−609
𝑠2 + 8.21𝑠 + 1296
 
(4.123) 
We have realized the last experiment to compare the final models responses with the 
responses of the systems. In Figure 4.55 the used input signals are illustrated. 
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Simulated results for developed models and systems’ responses are illustrated in 
Figure 4.56 for speed output voltage and in Figure 4.57 for arm inclination output 
voltage. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.55: Input signals 
Figure 4.56: Output signals 
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For model validation also, quantitative measure in the form of the fitness function 
can be used [2]: 
𝐹𝐼𝑇 =
1
1 + 𝑒
 (4.124) 
𝑒 =
1
𝑛
∑(𝑦𝑠𝑖 − 𝑦𝑚𝑖)
2
𝑛
𝑖=1
 (4.125) 
where  𝑦𝑠𝑖 and 𝑦𝑚𝑖 are the system response and the model response regarding the 𝑖 −
𝑡ℎ sample, respectively, and the Theil coefficient, which is defined as [2]: 
𝑇𝐼𝐶 =
√∑ (𝑦𝑠𝑖 − 𝑦𝑚𝑖)2
𝑛
𝑖=1
√∑ 𝑦𝑠𝑖2
𝑛
𝑖=1 + √∑ 𝑦𝑚𝑖
2𝑛
𝑖=1
 (4.126) 
For a good matching of responses  𝐹𝐼𝑇 ≅ 1 and 𝑇𝐼𝐶 ≅ 0. 
 
The values of  both criteria are for apparatus 1 and the experiment 8 the following: 
𝑦1: 𝐹𝐼𝑇11 = 0.9992 𝑇𝐼𝐶11 = 0.0291 
𝑦2: 𝐹𝐼𝑇21 = 0.9445 𝑇𝐼𝐶21 = 0.2694 
 
 
Figure 4.57: Output signals 
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And for apparatus 2: 
𝑦1: 𝐹𝐼𝑇11 = 0.9981 𝑇𝐼𝐶11 = 0.0457 
𝑦2: 𝐹𝐼𝑇21 = 0.9755 𝑇𝐼𝐶21 = 0.1827 
 
We can see that for the angular speed response the FIT and TIC values are close to 1 
and 0, respectively. However, these are not so good values for the arm inclination.  
 
In Figure 4.58 pilot plant parameters are presented. 
 
 
Appartus 1 Apparatus 2 
𝑔𝑇1 = 300 
𝑁 ∙ 𝑚
𝑉
 𝑔𝑇2 = 325 
𝑁 ∙ 𝑚
𝑉
 
𝐾11 = 0.546 
𝑟𝑎𝑑
𝑁 ∙ 𝑚 ∙ 𝑠
 𝐾12 = 0.524 
𝑟𝑎𝑑
𝑁 ∙ 𝑚 ∙ 𝑠
 
𝜏1 = 0,26 𝑠 𝜏2 = 0,29 𝑠 
𝐾21 = 0.46 
𝑟𝑎𝑑
𝑁 ∙ 𝑚
 𝐾22 = 0.47 
𝑟𝑎𝑑
𝑁 ∙ 𝑚
 
𝜉1 = 0.107 𝜉2 = 0.114 
𝜔𝑛1 = 27 
𝑟𝑎𝑑
𝑠
 𝜔𝑛2 = 36 
𝑟𝑎𝑑
𝑠
 
𝑔11 = 0.03 
𝑉 ∙ 𝑠
𝑟𝑎𝑑
 𝑔12 = 0.03 
𝑉 ∙ 𝑠
𝑟𝑎𝑑
 
𝑔21 = 109.76 
𝑉
𝑟𝑎𝑑
 𝑔22 = 109.76 
𝑉
𝑟𝑎𝑑
 
 
 
 
Figure 4.58: Block diagram of the system’s components  
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5. Demonstration of modelling results through GUI 
All presented experimental results were realized in program MATLAB and designed 
*.m and *.mdl files. For demostration and explanation purposes graphical user 
interface (GUI) was developed where all prepared model responses and realized 
mesurements can be observed by only pushing corresponding buttons. Starting 
window of developed GUI is persented in Figure 5.1 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
GUI and all its windows are organized in two different sections. In the central part 
prepared columns of push buttons can be used for demonstration purposes, while 
buttons at the bottom of the window can stop the work ˝End˝, information of the 
current level can be observed ˝ Info˝ or if possible, we can return tot the previous level 
or to the very beginning. 
Figure 5.1: Starting GUI window 
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The first three columns refer to the different parts of the apparatus: ˝Actuators˝, 
˝Sensors˝and ˝Main System˝. Buttons of the fourth column are designed to illustrate 
realized experiments. 
 
In the first column buttons are connected to the files which can describe properties 
of the actuators, illustrate the experiments and their results. 
 
Two buttons are prepared in ˝Sensors˝ column. When the user pushes the first one 
named ˝Tachogenerator˝ a new window opens as illustrated in Figure 5.2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Here three columns can be used. All three columns refer to the diferent sensors of the 
apparatus. In each column three buttons are available. The first one named 
˝Description˝ introduces prepared experimentation results. The second one, 
˝Experiments˝ enables the user to observe the results in a graphical way. Finally, the 
˝Results˝ button shows a file with the results of the experiment. 
 
The ˝Potentiometer˝ button presents a description of the experiment, the results and 
also their graphical representation. 
In the ˝Main System˝column two buttons are prepared. If the user pushes the button 
˝Arm Fixed˝ the windows opens as is ilustrated in Figuer 5.3. 
Figure 5.2: Sensors window 
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In this window four buttons are prepared. By pushing each of these buttons one of 
realized experiments can be observed in all details. For example, by pushing the button 
˝Experiment 1˝ the window opens, as is shown in Figure 5.4. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.3: Experimentation with the pivoted arm locked window 
Figure 5.4: Window of experiment 1 
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The functionality of the buttons is the following: 
˝Description˝: opens a file with a short description of the experiment. 
˝Experiments File˝: opens the .mdl file with which the experiment was realized. 
˝Input Signal˝: ilustrates the input signal used for the excitation of the motors. 
˝System Responses˝: displays the five repetitions of the experiment. 
˝Average Response˝: calculates and illustrates the average response of the system. 
˝Simulation File˝: shows the .mdl of the simulation model. 
˝Simulated Response˝: displays the model response. 
˝Comparison˝: shows the comparison between the system response and the simulated 
one. 
˝Results˝: generates a figure with the results of the experiment. 
 
In Figure 5.5 the ˝Arm Free˝ window is illustrated. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
As can be seen in Figure 5.5 the experimentation window of the pivoted arm unlocked 
is very similar to the window of the pivoted arm locked presented in Figure 5.3. Each 
of presented buttons opens a new window with all the information about the 
experiment. In Figure 5.6 the ˝Experiment 5˝ window is shown. Other experiment 
windows are similar to this one. 
Figure 5.5: Experimentation with the pivoted arm free window 
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In Figure 5.6 can be seen three different groups of columns. The functionality of 
corresponding buttons is similar as explained in Figure 5.4. The only difference is that 
now we have information about two outputs, the angular speed of the jockey pulley 
and the arm inclination where the jockey pulley is mounted. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.6: Menu of experiment 5 
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Conclusions 
In this thesis we have studied two CE108 Coupled Drives Apparatuses. They were 
manufactured with the goal to mimic industrial material transport problems as they 
occur in the industry and to be used in education processes for modelling, simulation 
and control design. The goals of the thesis were to present all operation possibilities of 
mentioned devices and to develop corresponding mathematical models.  
 
The work has started with theoretical modelling approach. In the next phase 
experiments were designed with the goal to estimate unknown parameters and to verify 
the suitability of model structures. 
 
All experimentation was realized using two almost equal pilot plants and also the 
similarities and differences of obtained results were illustrated. 
 
Al calculations and measurements were realized in MATLAB and Simulink. For the 
presentation and illustration purposes graphical user interface was developed at the 
end. It enables the observation of all described results in a very user friendly way. 
 
In the future linear model descriptions can be extended to nonlinear ones and these 
results can be used for control design purposes. 
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